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Abstract 

We show that there are precisely two, up to conjugation, anti-involutions 
<r± of the algebra of differential operators on the circle preserving the prin- 
cipal gradation. We classify the irreducible quasifinite highest weight repre- 
sentations of the central extension T)^ of the Lie subalgebra of this algebra 
fixed by — a±, and find the unitary ones. We realize them in terms of highest 
weight representations of the central extension of the Lie algebra of infinite 
matrices with finitely many non-zero diagonals over the algebra C[u]/(u m+1 ) 
and its classical Lie subalgebras of B, C and D types. Character formulas 
for positive primitive representations of X' ± (including all the unitary ones) 
are obtained. We also realize a class of primitive representations of P 1 * 1 in 
terms of free fields and establish a number of duality results between these 
primitive representations and finite-dimensional irreducible representations 
of finite-dimensional Lie groups and supergroups. We show that the vac- 
uum module V c of T> + carries a vertex algebra structure and establish a 
relationship between V c for c € \7L and W-algebras. 
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Introduction 



The systematic study of quasifinite highest weight modules of the universal central 
extension T> of the Lie algebra of differential operators over the circle (described 
first in [rTP]) was initiated by Kac and Radul in [KRl] and further studied in 
ICTaj [KKRW| , |AF1V1U| , [KK^ , [Wlj and many others. The Lie algebra V is also 
known in the literature as Wi +00 [PRS|| and as one of the universal W-algebras (cf. 
|BS|| [ |BKrL|| and references therein) , and it has various connections with conformal 
field theory, the quantum Hall effect ||CTZ|| etc. 

The difficulty in understanding representation theory of a Lie algebra of this 
sort is that although T> admits a natural "principal" Z-gradation and thus the 
associated triangular decomposition, each of the graded subspaces of V is still 
infinite-dimensional in contrast to the more familiar cases such as the Virasoro 
algebra and Kac-Moody algebras. The study of the highest weight modules of T> 
with the finiteness requirement on the dimensions of their graded subspaces (which 
we will refer to as quasifiniteness condition throughout our paper) thus becomes 
a highly non-trivial problem. By analyzing for which parabolic subalgebras of 
T> the corresponding generalized Verma modules are quasifinite, Kac and Radul 
KRlf were able to give an elegant characterization of quasifinite highest weight 



P-modules in terms of a certain generating function of highest weights. They 
constructed all these P-modules in terms of representations of the Lie algebra 
g[' m ^ which is the central extension of the Lie algebra g[' m ' of infinite matrices with 
finitely many non-zero diagonals taking values in the truncated polynomial algebra 
R m = C[u] / (u m+1 ) . They also classified all such P-modules which are unitary. 

It is well known that the Lie algebra g[ | |KP| , pjKM|| , a special case of gl'"^ 



with m = 0, has Lie subalgebras of B, C, D types as in the finite dimensional case 
|Q . So a natural question which arises here is: what are the Lie subalgebras of T> 
which correspond to the classical Lie subalgebras of g[ of B, C, D types. It is the 
goal of this paper to give a complete answer to this question and to present the 
representation theory of these Lie subalgebras of T>. 

We show that there are two, up to conjugation, anti-involutions of V, denoted 
by o±, which preserve the principal Z-gradation. We thus obtain two different Lie 
subalgebras, denoted by T> ± , fixed by — er±. The graded subspaces of V ± are still 
infinite-dimensional. We regard T> + to be more fundamental than T>~ as we shall 
show that the vacuum module of T> + carries a canonical vertex algebra structure. 

We first give a description of parabolic subalgebras of in terms of the so- 
called characteristic polynomials {bk(w)}km- It turns out that the quasifiniteness 
of a generalized Verma module is completely determined by the non-vanishing of 
the first characteristic polynomial bi(w). The corresponding condition in defining 
the generalized Verma module induced from a parabolic subalgebra V leads to 
a characterization of highest weights for which the corresponding D ± -module is 
quasifinite in terms of a generating function A(x). This is the content of our 



4 



V. G. Kac, W. Wang and C. H. Yan 



Theorem fO 



Next for each s G C we construct a Lie algebra homomorphism 0j, m l from T> ± 
to gt' m '. While T> ± is the central extension of a Lie algebra of differential operators 
with polynomial coefficients, it is important to consider a Lie algebra T> 0,± which 
is an analytic completion of V ± and to extend the homomorphisms </>j. m l to T> 0,± . It 
turns out that for s Z/2 the homomorphism 0^ m l from V 0,± to gl^ is surjective, 
but for s G Z/2, this is no longer true. The image for s G z/2 turns out to be 
various classical Lie subalgebras of Q^ m \ 

More generally we define a family of Lie algebra homomorphisms <f>^ from "D 1 * 1 
to g^ for a vector m = (mi, . . . , m/vr) G Z + and a vector s = (si, . . . , s^) G 
satisfying a certain condition (*±), where g^ is a direct sum of Lie algebras b^*\ 
c^l, o^', and g[' m ^ satisfying a certain consistency condition. These homo- 
morphisms (j)g again extend to T> 0,± and then become surjective. The principal 
Z-gradations on and gl' m *', and the specialized Z-gradation on S™^ of 

type (2, 1, 1, • • •) induce one on g^. The homomorphism 0^™' matches the induced 
Z-gradation on g^ m l with the principal Z-gradation on T> ± . 

Quasifinite highest weight modules (QHWM's) of gl and its classical subalge- 
bras are better understood (particularly when m = 0). Irreducible QHWM's over 
g' m ' can be regarded as modules over T> ± via the homomorphisms <$~^. Our Theo- 
rem |6.1| asserts that they are irreducible over V ± as well. Our Theorem |6.2| asserts 
that all irreducible quasifinite highest weight modules over V ± can be realized in 
this way. 

There is a natural anti-involution uj on T)^ which is compatible with the stan- 
dard Cartan involution on g[ via the Lie algebra homomorphism S . We show that 
unitary irreducible quasifinite highest weight modules over with respect to uj 
are the pullbacks of those over gl via the homomorphisms S for real vectors s. We 
give a simple characterization for these unitary P ± -modules in terms of the gen- 
erating function A(x) for the highest weights with respect to and the central 



charge c. This is our Theorem |7.1| . The proofs of Theorems |4.1] , |6.1| , |6.2| and [7J. 
are similar to those in [ Kill ] for T>. 

The g-character formulas in accordance with the Z-gradation for unitary quasifi- 
nite highest weight modules of &oo, Coo and dco are worked out explicitly. This 
leads to the g-character formulas for the so-called positive primitive quasifinite 
P ± -modules, which include all unitary quasifinite P ± -modules. 

In the second half of this paper we study primitive quasifinite representations 
of T)^ in terms of free bosonic and fermionic fields. Recall that representations of 
or Cqo (resp. b^ and d^) were realized in various Fock spaces |PJKM1| , [W2 |. 
A number of duality results in various Fock spaces between finite dimensional ir- 
reducible representations of a finite dimensional Lie group or superalgebra and 
quasifinite representations of or Cqo (resp. or doc) were established in 
[21. Lie groups and Lie superalgebra appearing in these duality results are 
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Sp(2l),Pin(2l), Spin(2l + 1), 0(21), 0(2/ + 1) and osp(l,2Z) respectively. Com- 
bining with our homomorphisms 0o or 4>\/2 (resp. 0-i/2), we obtain free field 
realizations of T>~ (resp. T) + ) and corresponding dual pairs involving T>~ (resp. 
V + ). We present explicit descriptions of the Fock space decompositions into iso- 
typic subspaces with respect to the joint action of the corresponding dual pairs and 
calculate the corresponding exponents and their multiplicities (which characterize 
the highest weights for P ± ) in each isotypic subspace. The explicit formulas for 
the highest weight vectors in isotypic subspaces were already given in |[W2|| . Free 
field realizations of V were studied earlier in | |FKRW| , |KK2| | and a duality between 
the general linear Lie group and V was established in these papers. 

It is a remarkable new feature of dual pairs in our infinite dimensional setting 
that and (resp. and d^) involved in different dual pairs are uniformly 
replaced now by a single Lie algebra T>~ (resp. T> + ). The ranks of these finite 
dimensional Lie groups, while varying for different Fock spaces, correspond neatly 
to the central charges of the primitive P ± -modules appearing in these Fock spaces. 
Note that |[W2|| the Lie algebras of these Lie groups turn out to be the horizontal 
subalgebras of the twisted or untwisted affine algebras acting on the corresponding 
Fock spaces with level ±1 fFTJ |KP|] [|FF]. 

We further show that the vacuum module M c of T> + with central charge c and 



its irreducible quotient V c admit a natural structure of a vertex algebra [|B| ||FLM 
|DL| ] [K2|. The module M c is irreducible if and only if c ^ |z. For the central 
charge c = I, I + 1/2, — I or — I + 1/2, V c is shown to be isomorphic to the vertex 
algebra of invariants of the various Fock spaces 

(see the text for notations) with respect to the action of 0(21), 0(21 + 1), Sp(2l) 
or osp(l,2/) respectively. Those quasifinite representations of T> + appearing from 
the Fock space decompositions are representations of the vertex algebra V c for the 
corresponding c G |z. 

It is well known that to any complex simple Lie algebra g and c G C one 
canonically associates a vertex algebra with central charge c, called W-algebra and 



denoted by Wg, cf. ]BR |FeF|| and references therein. It is known [IBS], |F2|| that 



the associated W-algebra WT>i with central charge I is isomorphic to the vertex 
algebra of the S0(2Z)-invariants in the basic representation of the affine algebra 
sd(2l). We prove that WDi with central charge / is a sum of the vertex algebra V\ 
and an irreducible representation of V\. This provides us a new way of computing 
the g-character formula of WT>i. 

In a similar fashion, we identify the vertex algebra of S0(2/+l)-invariants in the 
Fock space W-superalgebra WB(0, 1) [|Ito|l with / bosonic generating 

fields of conformal weight 2, 4, . . . , 21 and a fermionic generating field of conformal 
weight / + 1/2. The even part of WB(0,l) is isomorphic to V[ + i/ 2 while the odd 
part of WB(0, 1) is an irreducible representation of V/ + i/ 2 . 

The approach of this paper can be modified to study the representation theory 
of another interesting Lie subalgebra of T> considered by Bloch JBTJ. This will be 
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treated in a separate publication ||W3|| . 

The paper is organized as follows. In Section [I] we describe the infinite rank 
Lie algebras gl , b\™\ U™\ c^, and present the g-character formulas of unitary 
highest weight modules over them in the case m = (see also Appendix). In Sec- 
tion H| we review the Lie algebra D and classify the anti-involutions of T> preserving 
the principal Z-gradation of T>. In Section |^ we study the structure of parabolic 
subalgebras of T> ± . In Section f| we give a characterization for a P ± -module to be 
quasifinite. In Section |5] we study the connection between T> ± and the infinite rank 
Lie algebras. In Section ^ we realize quasifinite X )± -modules in terms of modules 
over these infinite rank Lie algebras. In Section [7] we classify all unitary quasifinite 

-modules. In Sections || |^ and |H| we realize a class of primitive T> -modules 
with a half-integral central charge in some Fock spaces and establish some dual- 
ity between this class of primitive ©"-modules with central charge c = — / (resp. 
—I — 1/2, I, I + 1/2) and finite dimensional irreducible modules of 0(21) (resp. 
0(21 + 1), Sp(2l) and Pin(2l), osp(l,2l), Spin(2lJ- 1)). In Sections 0,[T|and|g, 
we realize in a similar way a class of primitive £> + -modules and establish various 
duality results for V + . In Section 14, we study the representations of T)^ from the 
viewpoint of vertex algebras. 

Acknowledgement This paper is based on two preprints |[KWY|| . W. W. 
wishes to thank Max-Planck-Institut fiir Mathematik for its hospitality. 



1 Lie algebra gV m ] and its classical subalgebras 



1.1 Lie algebra 



m 



Denote by R m the quotient algebra C[u]/(u m+l ) of the polynomial algebra C[u] 
by the ideal generated by u m+1 (m G Z + ). Denote by 1 the identity element of 
R m . Denote by gl^ 1 ' the complex Lie algebra of all infinite matrices (a^ijgz with 
finitely many non-zero entries in R m . Denote by gl'" 1 ' the Lie algebra of all matrices 
( a ij)i,jez with only finitely many nonzero diagonals with entries in R m . Denote by 
Eij the infinite matrix with 1 at (i,j) place and elsewhere. Obviously gt^™' is a 
Lie subalgebra of g[' m '. There is a natural automorphism v of g[ given by 

is(E itj ) = E i+1>j+1 . (1.1) 

Let the weight of be j — i. This defines the principal Z-gradation g[' m l = 

Jgz g[j m '. Denote by g[ = g[' m l 0-R m the central extension of gV given by the 
following 2-cocycle with values in R m |KF| pjKM|: 



C(A,B) = Tr ([J, A]B) 



(1.2) 
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where J = J2j<o En. The Z-gradation of Lie algebra g[' m ' extends to gl by putting 
the weight R m to be 0. In particular, we have the triangular decomposition 



where 



5 ± = ©ag, ^ = fl 4 mI ©i2n 



Given A G (gt^) , we let 



Cj = A(u j ), 
a \P = A(vPE u ), 
tt HW = u j E u -u j E i+1>i+1 + 6 ifi u j , 



a hP = A( a H? ) )= a \V ) -"\$ i + s it0Cj 



where i G Z, j = 0, . . . , m. The superscript a here denotes g[ m which is of A type. 
Denote by L(gl ;A) the highest weight g[ — module with highest weight A. The 
Cj are called the central charges and a X\^ are called the labels of L(g[^; A). 

In particular putting m = we recover the well-known Lie algebras g[ = gl' ', 
g[ = fl[ . In this case, we drop the superscript [0]. Define a Aj G g^ (j G Z) as 
follows: 

!1, for < i < j 
-1, for j<i<0 (1.3) 
0, otherwise. 

Define a A G gl* by 

a A (C) = 1, a Ao(^i) = for all i G Z 

and extend Aj from g^ to qIq by letting Aj(C) = 0. Then 

a A J= a A, + a A (jGZ) 

are the fundamental weights, i.e. a Aj( a Hi) = Sij. 

Recall that the q-character (i.e. principally specialized character) formula for 
an integrable highest weight module L(X) of a Kac- Moody algebra g (|K|], chap. 
10) with respect to the principal gradation of g is given by 



l (\+p,a v )\ mult qV 
7 



c W)= n ( \ ' ) (1.4) 



where is the positive coroots of the Lie algebra g, and p satisfies (p, ctf) 
for all simple coroots a/. 



8 



V. G. Kac, W. Wang and C. H. Yan 



Since gl is a completed infinite rank affine algebra of Kac-Moody type, the above 
formula ( |1.4j ) applies. This gives the following explicit formula (cf. [|FKRW|| ) 



I! (1 - q ni ~ n ' 



ch,L( 0[ , A) = ^ (1.5) 

where A = A ni +A„ 2 + . . . + A„ c , n x > n 2 > . . . > n c , c G N, and ip(q) = UJLii 1 -^) 
is the Euler product. 



oo 



1.2 Lie algebra b\ 

Now consider the vector space R m [t, t -1 ] and take its basis Vi = t % (i G Z) over R m . 
The Lie algebra £j[' m ' acts on this vector space via the usual formula 

EijV k = 5 j:k Vi. (1.6) 

Let us consider the following C-bilinear forms on this space: 



B ± (u m v il u n v j ) = u m (-u) n (±iy5 ir 



Denote by b^ (resp. b^" 1 ) the Lie subalgebra of gl' m l which preserves the bilinear 
form B~ (resp. B + ), namely we have 

b~J m] = {ge S lM\B(a(u),v) + B(u,a(v)) = 0} 

= {{ aij {u)) i)j& G &l [m] | a l3 (u) = {-l) i+j+1 a^ _»(-«)}, 

5+ H = {ge Q lW\B(a(u),v) + B(u,a(v)) = 0} 

= {(aij(u))i tjei G Ql [rn] | a i:j (u) = -a-j-i(-u)}. 

Denote by &H = &~ H 0i? m (resp. = b^ m] ® R m ) the central extension 

of bj™^ (resp. fy^™ ) given by the 2-cocycle ( |1.2| ) restricted to bj™^ (resp. fy^," 1 )■ 
Then 6^ (resp. &{^) inherits from the principal Z-gradation and the triangular 
decomposition: 

IM _ /TN W ftm] _ fM /TN IM m 7[m] 



where 
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Remark 1.1 The Lie algebra is isomorphic to U™* by sending the elements 

u k Eij - (-u) k E- jt -i to u k E i:j + (-l) i+j+1 (-u) k E^^i, i,j G Z, k G Z+. Their 
Cartan subalgebras coincide. 

Given A G (&|^ ] )*, we let 



6 A? 

b H {j 

1 

b h u 
b h (j 



A(u j ), 

A(2u j E 00 ) (jodd), 
A (u j E ti - (-u) j E^,, 

U 3 En - U J E i+1:i+1 + (-«)•? £Lj_i - (-u) J E-i 

2 (V E_i _i - + 2w j (j even), 

(2«% ,o " - 1^1,1) + « j (J odd), 

A(6jff (i) )= 6 A (i)_ 6A (i) i) 

A( 6 # W) ) = -2 6 Ai j) + 2 Cj (j even), 
A( 6 ^) = 6 A? - 6 A? + c, (jodd), 



;i.t) 



where i e N and j = 0, . . . , m. The superscript b here means B type. Denote by 
L(6^;A) (resp. L(fe^;A)) the highest weight module over &H (resp. &{^) with 
highest weight A. The Cj are called the central charges and b \\^ are called the 
labels of L(feH; A) or L(&M; A). 

In particular when m = we have the usual Lie subalgebras of gl and g[, denoted 
by b^ and |K| (resp. b^ and |[W2|| ) . Denote by b Ai the i-th fundamental 
weight of (and 600), namely A^hj) = 5ij. 

The set of simple coroots of (and boo), denoted by LI V , can be described as 
follows: 



if- 



K = 2(£L 1> _ 1 - E ltl ) + 2C, 



a{ = E iti + - ^i+i.i+i - i G N}. 

The set of roots is: 

A = {±e ,±e i ,±e i ±e j ,i G N}. 

The set of positive coroots is: 
AY 



K + a y +1 + ... + aV, 1<z<j} 
U{c# + 2a) 7 + . . . + 2a, v + 



v 



a 



j'-i' 



< i < j}. 



The set of simple roots is: 

LI = {a = — ei, «j = e» - e^+i, i G N}. 
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Here 6j are viewed restricted to the restricted dual of the Cartan subalgebra of b^, 
so that 6i = — e_j. 

Given A = b A ni + b A n2 + ... + b A nk + b h b A , m > n 2 > . . . > n k > 1, b h G Z+, 
the feoo-module L(&oo; A) has central charge c = k + b h/2. Here and further we let 
b h = b h^ and b \ = b \f \ see flL7|). Let 

i=i 

Further on we shall use the following notations: m = 1 for m G 2Z and fn = 
for m G 2Z + 1; for a real number x denote by [x] the integer no greater than and 
closest to x. 

Proposition 1.1 The q- character formula of L(boo\A) (the same for Lib^A)) 
corresponding to the principal gradation of b^ is 



I! (l-g^+i^) ^(g 2 ) 2c+1 n ^c- 2i (g) 

7 r/7 AN l<t<j<fc J>0 

II ¥n l+ k-i{q) ¥(q) [ ~ ] 

l<i<k 

. ( n \ 1 _ r( 2c+i+i- b A 4+ i- i 'A J 

TT l2c+r+m v,<7J _ JJ 1 9 ^ ^ ^ 

i=0 ^c+ni+i-'-Ai+j (<?) <i<j<ni 1 _ <? 2c+J+l 



Proof. Applying formula (|1.4j ) to L(&oo; A), we get 



1 _ q b ^i- b ^j+j-i i _ q2c- b x i+1 - b x j +j+i 



ch g L( &00 ;A)= n f— ^ — n 4 1 _ ^ — • ( L9 ) 

1 « o<i<i 1 « 



i<i<i x y o<«<i 



Denote by the first (resp. second) product on the right hand side of ( |1.9| ) to 
be A (resp. B). Consider the Young diagram Y\ corresponding to the partition 
(ni, n 2 , . . . , n k ), it is easy to see that ( 6 Ai, 6 A 2 , . . . , fe A ni ) is its conjugate (cf. |M 
for terminology). Also 6 Aj = for i > n\. Thus 



i jx^x j+j -i n (i-g»«^-) 



l<j<fe 

where hj are the hook numbers of the Young diagram (cf. [| 
On the other hand, B can be computed as follows. 

1 _ n 2c+j+i- b \ i+1 - b \ J 

b = n - 



0<i<j 



1 - q i+ i 

1 _ qic+j+i i _ q2c+j+i- b \ i+1 - b \ j 
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1 _ n 2c+j+i 1 _ 2c+j+i- b \. l+1 - b \ J 

= TT — TT - — 

H 1 _ ni+j J-l i_ Q 2c+j+i 

o<i<j y o<i<ni<j x y 

TT - — • 

11 1 _ 2c+j+i 

0<i<j<ni x y 

A little further manipulation shows that the first, second and third products of 
the right hand side of the equation above give rise to the second, third and fourth 
products of the right hand side of ( |1.8|) respectively. □ 



1.3 Lie algebra cj^ 

As before we take a basis i>j = t l (i G Z) of R m [t,t~~ l ] over R m . Consider on this 
space the following C-bilinear form 

C{u m v u u n v 3 ) = u m {-u) n {-l)% tX ^. 

Denote by the Lie subalgebra of gl'"^ which preserves this bilinear form: 

ct ] = {g£Bl [m] \C(a(u),v) + C(u,a(v)) = 0} 

= {K-( M )) Mez G fl [M I a i:j (u) = (-lY+^ai^ii-u)}. 

Denote by = R m the central extension of given by the 2-cocycle 
( |1.2| ) restricted to c{^. Then inherits from g[ the natural Z-gradation and 
the triangular decomposition: 

Jrn] _ (T\ M M _ [m] ST\ [m] (T\ Jm] 

u oo VT-7 u oo j 5 u oo u oo + VT-7 u oo VL7 oo — ) 

jez 

where eft = C M n $™ ] , c^ 1 = C N n ^ and C H Q = C™ n g^. 
Given A G (coco"') , we let 

Cj - = A(m j ), 

C AP = A (u j Eu - (—u) j Ex-i^-i^ , 

c H( j) = u j E ti - u j E i+1>i+1 + - (-u) j E 1 ^ i , 

C H^ = {u j E , -u j E 1 , 1 )+u j (jeven), (1.11) 

c h { j) = A( c H^ j) ) = - C \[ J) + Cj (j even), 

where j 6 N and j = 0, . . . , m. For later purpose, it is convenient to put c Kq = Cj (j 
odd), j = 0, . . . , m. The superscript c here denotes which is of C type. Denote 
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by L(c£^;A) the highest weight cj^-module with highest weight A. The Cj are 
called the central charges and c \[^ are called the labels of L(c^; A). 

In particular, when m = we have the usual c^ = c{°], c^ = cf^j ]K|]. In this 
case, we drop the superscript [0]. Then we denote by c Aj the i-th fundamental 
weight of Coo, namely A^hj) = 5ij. 

The set of simple coroots of Cqo, denoted by Il v , can be described as follows: 

U v = {a v = (E 0fi -E hl )+C, 

= E iyi + E-i^ - - E i-i,i-u i e N}. 

The set of roots is: 

A = {±e i ±e j ,±2e i ,i^ EN}. 
The set of positive coroots is: 

= {ctf + a £ 1 + ... + a v <i<j} 

U {2c# + . . . + 2a\ + a y i+l + . . . + aj, < % < j}. 

The set of simple roots is: 

IT = {a = -2ei, an = - e i+ i, z = 1, 2, . . .}. 

Here 6j are viewed restricted to fj', so that 6j = — e_j+i. 

Given A = c A Wl + C A„ 2 + . . . + c A„ fc + c /i c A , m > n 2 > . . . > n k > 1, c h e Z+, 
the Coo-module L^c^ A) has central charge c = k + c h. 

Proposition 1.2 27je q- character formula of L(coo] A) corresponding to the prin- 
cipal gradation of c^ is 

n (i - g*-^-*) n Ms) 

L r / * \ Ki<j<k Kj<c-1 

c/i g L( Coo ;A) = -^=- — ? , 

l<i<k 

t=0 PZc+ni+i-oxAq) <i<i<ni i_ <7 



Proof. Applying formula (|1.4|) to L(coo; A), we get 
ch ? L( Coo ;A) = [] j _ 



i<i<i 

IT - — ? TT— ^ 

o<i<j 1 y j>o 1 y 

1 _ //^i-^j+j—i I _ ^2c- c A l - c A j +j'+j 

TT — TT — (1.13) 

i<i<i y 0<i<i y 
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with the convention c Aq = 0. The first product on the right hand side of ( |1.13 ) 



is already given by formula ( |1.10| ) with b \i substituted by C A«. Denote by C the 
second product on the right hand side of (|1.13| ); it can be calculated in a similar 



way as calculating B in the proof of Proposition |1 . 1| : 

\ — q2c- c \i- c \j+i+j 

c = n i _ a i+j 

I / '—I- TT Wc+ni+iyQ) rr 1 <7 



0<i<j<ni 

□ 



oo 



1.4 Lie algebra d\ 

As before we take a basis V{ — t l (i £ Z) of i? m [t,t _1 ] over i? m . Consider the 
following C-bilinear form 

D{u m Vi,u a v,j) = u m (-u) n 5 it i^ j ,i,j E Z. 
Denote by the Lie subalgebra of gl^ which preserves this bilinear form: 



C = {ge&l lmi \D(a(u),v) + D(u,a(v)) = 0} 

= {(<%(«) ) i)i6Z E I W | a l3 (u) = (-lyWa^^i-u)}. 

Denote by w™> = R m the central extension of d^ given by the 2-cocycle 

(|l~^ ) restricted to d ™ . Then c?H inherits from g[^ m ' a natural Z-gradation and the 
triangular decomposition: 



fit 

oo 



where d^l = d$ D fllf 1 , = d^ 1 H fll? and rfH Q = rfN n flf 

Given A G (doocT') , we let 

= A(u J '), 
d A?' } = A (u j Eu - (-u) j Ei- 



d HP = u j E u - uiE i+w + (-uYE^ - (-uyE^.,, 

d H^ = ((-«) J E ,o + (- U )^- lrl - U% 2 ,2 - tf'Ey) + 2tf, (1.14) 

d W = A( d H^)= d X?- d \% 

d h^ = A{ d H^) = - d X? - d \ i i ) + 2 Cj , 
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where i £ N and j = 0, . . . ,m. The superscript d here denotes d^ which is of D 
type. Denote by L(d^; A) the highest weight dg^-module with highest weight A. 
The Cj are called the central charges and d X\ are called the labels of L(rfH; A). 

In particular, when m = we have the usual d^ = d^, d^ = cf. [ |K1| . In 
this case, we drop the superscript [0]. Denote by Af the i-th fundamental weight 
of doo, namely d A i ( d hj) = 5^. 

The set of simple coroots of d^, denoted by Il v , can be described as follows: 

n v = K = (E Q ,o + £-1,-1 - £ 2l2 - E ltl ) + 2C, 

= E ifi + E_i_i - E i+1>i+1 - Si-i.i-i, i G N}. 

The set of roots is: 

A = {±e i ±e j ,i^j,i,j en}. 
The set of positive coroots is: 

A+ = K + + + (0<z<j), a v + « 2 v + ••• + «/ (j>2)} 
U {a# + c^ + 2c$ + ■ • • + 2al + a w i+1 + • • • + aj, 1< z < j}. 

The set of simple roots is: 

II = {a = -ei - e 2 , a { = e { - e i+1 ,i G N}. 

Here 6j are viewed restricted to f)', so that e» = — e_ i+ i. The root vectors corre- 
sponding to ±ao are eo = £b,2 — -^-l.i and / = E 2 fi — Ei-i. Introduce p G u4oo J 
such that (p,aY) = 1, i G Z + . 

Remark 1.2 The g-character formula (corresponding to the induced Z-gradation 
on doo from gl) of a (ioo-module is given in the Appendix. Note that such a Z- 
gradation on cf^ is of type (2, 1, 1, . . .) rather than the principal Z-gradation of 
type (1, 1, . . .) as for gl, and Coo since fo = E 2i o — has degree —2 instead 
of-1. 

Example 1.1 Take a parabolic subalgebra of d^ 

V G = {{dij) ed oo \a ij = 0ifi>0> j}, 

and let Vo = Vo © CC. The 2-cocycle ( |1.2| ) when restricted to Vo is trivial. Con- 
sider the so-called vacuum module M c (<i 00 ), i.e. the induced (ioo-module from a 
1-dimensional Pcr m odule on which Vq acts as zero and C as c G C. The irreducible 
quotient of M c (doo) is L^d^; 2c d A ). It follows by a standard argument (cf. |[K1|| , 
Chapter 10) that 

L(d 0O ; 2c d A ) = M c (d oo )/(/ 2c+1 ) if c G Z+/2. 
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2 Ant i- involutions of T> preserving its principal 
gradation 

Let T> as be the associative algebra of regular differential operators on the circle. 
The elements 

4 = -t l+k (d t ) 1 (l G Z+, k E Z) 
form its basis, where dt denotes 4?. Another basis of T> is 

L l k = -t k D l (lez + ,kez) 

where D = td t . It is easy to see that J l k = — t k [D]i. Here and further we use the 
notation 

\x\ l =x(x-l)...(x-l + l). (2.15) 

Let V denote the Lie algebra obtained from V as by taking the usual bracket [a, b] = 
ab — ba. Denote by T> the central extension of P by a one-dimensional center with 
a generator C: T> = T> + CC. The Lie algebra T> has the following commutation 
relations [ KH1 ] 



where 



[ff(D),t s g(D)} = f +s (f(D + s)g(D)-f(D)g(D + r)) 

+ *(ff(D),1?g(D))C (2.16) 



V] f (j)9(j + r ), r = —s>0 
V(t r f(D),t s g(D)) = { -r<j<-i (2.17) 

0, r + s^0. 



The 2-cocycle can be equivalently given in terms of another formula [|KP|: 



* (f(t)(d t r,g(t)(d t ) n ) = - Res t=0 f^(t)g^(t)dt. (2.18) 

(to + n + 1)1 

Let the weight of J k be k and the weight of C be 0. This defines the principal 
Z-gradations of T> asi D and T>: 

and so we have the triangular decomposition 
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where 



v ± = Vj, p o = i?o0ca 



j£±N 



An anti-involution a of T> as is an involutive anti-automorphism of £>, i.e. a 2 = 
J, a(aX + bY) = aa(X) + ba{Y) and a(XY) = a(Y)a(X), where a, b G C, X, Y G 
P. 

Proposition 2.1 Any anti-involution a of T> as which preserves the principal Z- 
gradation is one of the following: 

1) <7_, 6 (f) = -*, a- t b(D) = —D + 6; 

2j o+ >6 (t) = t, a +j b(D) = -D + b, bee. 

Proof. Since a preserves the principal Z-gradation, we can assume that cr(£) = 
tf(D), and cr(Z}) = g(D), where / and g are polynomials. Since a is an anti- 
involution we have 



Equation ( |2.19| ) means that the polynomial g(w) satisfies g(g(w)) = w, which 
can only be possible when g(w) is linear in w. Hence g(w) = w or g(w) = —w + b 
for some b G C. 



which implies f(w) = ±1. By applying the anti-involution a to the equation 
[t, D] = —t, we have [c(D), cr(t)] = — er(£), which excludes the possibility g(w) = w. 

An anti-involution o of P as is completely determined by ait) and o(D\ On 
the other hand, it is straightforward to check the a±^ listed in the proposition are 
indeed anti- involutions of T> as . This completes the proof of the proposition. □ 

It follows immediately that (T± t b(d t ) = =F (d t — (b + l)t _1 ) • Given s G C, denote 
by S the automorphism of V as which sends t to t and D to D + s. Equivalently S 
is given by sending a G V to t~ s at s , the conjugate of a by t s . Clearly O s preserves 
the principal Z-gradation of T> as . We have 



g(g(D)) = d 

f(g(D)).(tf(D)) = t. 



(2.19) 
(2.20) 



It follows from equation ( |2.2(J| ) that 



t = f(g(D)) ■ (tf(D)) = tf(g(D + !))/(£>) 



C±,6 ' @s — CT±,6+s, 



0-s " °"±,b — °~±,b+s- 



(2.21) 



Denote by P ±,b the fixed Lie subalgebra of T> by — er±,&) namely 



£>±> 6 = { G g P | <7±,&(a) 



a}. 
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It inherits a Z-gradation from T> since a±^ preserves the principal Z-gradation of 
V: D±> 6 = ® m Vf' b , where 

Vf = { Vf(D) | f(w) G CM and f{D)) = -t j f(D)}. 

Let us denote by Cfu^ 1 ) the set of all odd polynomials in C[w), and by C[u>](°) 
the set of all even polynomials in C[w]. As before we let k — if k is an odd integer 
and k = 1 if k is even. The following lemma gives a complete description of T>f ,b . 

Lemma 2.1 We have 

Vj' b = {t>g(D + (j-b)/2)\g(w)eC[wf\ j£z}, 
Vp b = {pg(D+(j-b)/2)\g{w)eC[wf\ jez}. 

Proof. Given Pf(D) G VJ' b , we have <r_ b (t j f(D)) = -t j f(D), which means 
(-l)H j f(-D -j + b) = -t j f(D). Equivalents we have (-l) j f(-w - j + b) = 
—f(w). Letting g(w) = f(w — ^p), we have g(—w) = (—iy +1 g(w). □ 

The relation among T> ±,b for different b G C is given by the following lemma 
which follows from Lemma |2.1| . 

Lemma 2.2 The Lie algebras T> + ' b (resp. T>~ )b ) for different b G C are all isomor- 
phic. More precisely, we have Q s (V ±,b ) = T> ± ' b ~ 2s . 

Due to Lemma we may choose among T)~ ,b a Lie algebra, say T>~ = V~ ,Q . 
We see from Lemma |2j] that D n G V~ for n G 2Z + 1, and £> n ^ X>~ for n G 2Z. 
Let (see notation fl2.15| )) 

T^ s = -t k {[D-s] n + (~l) k+1 [-D-k~s} n ) (k G Z,n G Z + ,s G C). (2.22) 

Clearly T^' s G It is also clear that T£ ,s (k G Z, n G 2Z + + 1) form a C-basis 
of X?~ for a fixed s G C. We denote T^'° by T^. A straightforward computation 
shows 

T n,s = _ r t k +n +s d n r s + ^k+n+l^-s _ 

Although t m±s (m G Z, s G C) does not lie in in general, the above expression 
(|2~2p does lie in I?-. 

We denote again by \1/ the restriction of the 2-cocycle \1/ to T>~ , namely 

*(ff(D + r/2),fg(D + s/2)) 

\ E fU + r/2)g(j + r/2), r = -s > 

= \ -r<j'<-l 

0, r + s ^ 
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where f(w) G C[w]( r \ g(w) G C[w]( s \ Denote by T>~ the central extension of T>~ by 
CC corresponding to the 2-cocycle V~ is a Lie subalgebra of V by definition. 

The most convenient choice for the other family of Lie algebras is b = — 1 
(o- +; _i(<9 t ) = —d t ). Denote V + = T> + ~ 1 . We shall see that there is a canonical 
structure of a vertex algebra on the vacuum module of the central extension of V + . 
Let 



A t k ([D + s} n -[-D-k-l + s} 



(k e Z,n G N,s e C). (2.24) 



An important linear basis of T> + is W^' s (k G Z,n G 2Z + + 1) for a fixed s G C. In 



particular we denote by W£. A straightforward computation shows that 

W£ = ~ (t k+n d™ + (-l) n+1 <9"t fc+n ) . (2.25) 
Note that the W\ (k G z) span a Virasoro algebra, namely we have 



WlW^={m-n)W l m+n + 5 m ^ 



m 



m 



12 



C. 



By abuse of notation we again denote by \& the restriction of the 2-cocycle \l/ 
to £>+: 

M> ( f/(jD + ( r + l)/2), t s g(D + (s + l)/2)) 

E /(j + (r + l)/2)(7(j + (r + l)/2), r = -s > 

-r<j<-l 

0, r + s ^ 0, 

where f(w),g(w) G C^u;]^. Denote by P + the central extension of £> + by CC 
corresponding to the 2-cocycle The Lie algebra V + is a subalgebra of V by 
definition. 



3 Structure of parabolic subalgebras of V ± 

3.1 V~ case 

We define a parabolic subalgebra V of "D - as a subalgebra of the form V = (BjezPj, 
where Vj = Vj if j > 0, and Vj ^ for some j < 0. 

For each positive integer /e we have T 7 -* = {t~ k h(D — k/2) | /i(iy) G I-k}, where 
I-k is some subspace of C[iu]^. Given p{w) G C[w]^ fc ^ and f(w) G C[w]^\ we have 
f(D),t- k p(D - k/2) G f>-. One calculates that 

f(D),r k p(D - k/2)} = r k (f(D - k) - f(D))p(D - k/2) 

= t~ k g(D — k/2)p(D — k/2) (3.26) 
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where g(w) = f(w — k/2) — f(w + k/2). As / ranges over all odd polynomials, g(w) 
ranges over all even polynomials. Thus equation (|3.26|) implies that if p(w) G 
then C[w](°'p(w) C I-k- This means that is a submodule of C[w]^ over C[w]^, 
where C[iy] < - fc - ) is regarded as a module over Cfw]*- - 1 by multiplication. Clearly every 
non-zero submodule of C[u>]^ over Cfw]*- -* is a free rank 1 submodule generated by 
a monic polynomial. Denote by bk{w) such a generator for if ^ 0, and let 
bkiw) = if = 0. We call bk(w) (k = 1, 2, . . .) the characteristic polynomials of 
V. 

Lemma 3.1 Let {b k ,k G N} be the sequence of characteristic polynomials of a 
parabolic subalgebra V of the Lie algebra T>~ . Then 

1) b k (w) G C[wf\- 

2) bkiw) divides wbk+iiw — 1/2) and wbk+i(w + 1/2) for all k G N; 

3) bk+i(w) divides wb k {w — l/2)bi(w + k/2) for all l,k G N; 

4) V- k ^ for all kEN. 

In particular, all bk{w) are non-zero. 

Proof. Part 1) follows from the definition of the characteristic polynomials. From 
the commutation relation 

M~ fc ~Vi (D-(k + l)/2) 

= t~ k {b k+1 {D-(k+ l)/2) - b k+1 {D-{k- l)/2)) 

we see that b k {w — k/2) divides 

b k+ i (w-(k+ l)/2) - b k+1 (w-(k- l)/2) . (3.27) 

In particular b k+ i ^ implies b k ^ 0. From the commutation relation 

t~ k ~ l (D-(k + l)/2) 2 b k+1 (D-(k + l)/2) 

= t- k {{D - (k - l)/2) 2 (b k+1 (D-(k + l)/2) - b k+1 (D - (k - l)/2)} 
-2{D-k/2) b k+1 (D-(k + l)/2)} 

we see that b k {w — k/2) divides 

(w — (k — l)/2) 2 [b k+1 (w-(k+ I) /2) - b k+1 (w-(k- l)/2)] 

-2(w - k/2)b k+1 (w - (k + l)/2) . (3.28) 

From (|3.27|) and ( |3.28| ), we see that b k {w) divides wb k+ i(w — 1/2). Noting that 
bkiw) = ±b k (—w) and b k+ i(w) = ±b k+ i(—w) , b k {w) also divides wb k+ \{w + 1/2). 
This proves part 2). 
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Part 3) can be similarly proved by calculating the following two commutators 



r k b k (D-k/2),t-%(D-l/2) 



-h 



and 



r k (D - k/2) 2 b k (D - k/2),r%(D - 1/2) . 
In particular, bk ^ and bi ^ imply bk+i ^ 0. Part 4) follows from 2) and 3). □ 

Given a monic even polynomial b = b(w), denote by T>o(b) the subspace of Vq 
spanned by 

f(D - l/2)b(D - 1/2) - f(D + l/2)b(D + 1/2) + /(-l/2)6(-l/2)C 
where f(w) £ C[w}(°\ We have the following proposition. 



Proposition 3.1 Let V be a parabolic subalgebra of V and let b 
first characteristic polynomial. Then 



b\{w) be its 



Proof. It follows from D,t k f(D) = kt k f{D) that P k C [P,P] for k ^ 0. Next 
we claim T>i,T>^ = T>k+i for k EN. Indeed, first consider the case when k is an 



even integer. 



t(D + l/2Y\ t k (D + k/2) 
= t k+l ((D + k + l/2) 2l (D + jfe/2) - (D + l/2) 2l (D + k/2 + l)). 



(3.29) 



Note that the leading term of (D + k + 1/2) 2 \D + k/2) -(D + l /2) 2l (D + jfe/2 + 1) 
is [2kl — 1)D 21 . It is clear that when I ranges over Z + , the right hand side of ( |3.29|) 
form a basis of "D^+v ^ ne case wnen ^ is odd can be treated similarly. 
Now from the fact that Vk = T>^ for k > 0, we have 

[Pk+iiV-u-i] c [[Pi,VklV-i-k] 
c [{Vk, V-h-^Vx) + [[P-k-i, Vi],Pk} c [V-i,Vi] + [P-k, Vk}. 

Hence by induction, [P, P] = [Px,P-x\- A direct computation shows that [Pi,P-x] 
is exactly V^(b). □ 



classical Lie sub algebras of Wi +00 21 



3.2 T> + case 

Given a parabolic subalgebra V = of T> + , we have: 

V_ k = {t~ k h(D + (-k + l)/2) | G (fc G N), 

where is some subspace of Cfit?]^ 1 '. Given p(w),f(w) G Cfw] 1 ^ we have: 
r fe p(D + (-Jfe + l)/2), f (D + 1/2) G X? + . One calculates that 

~f(D + l/2),t- k p(D + (l-k)/2)} 
= t- k g(D + (l-k)/2)p(D + (l-k)/2), K ' ] 

where g(w) = f(w — k/2) — f(w + k/2). As / ranges over all odd polynomials, g(w) 
ranges over all even polynomials. Thus (|3.30|) implies that if p(w) G then p(w) 
multiplied by any even polynomial belongs to Let bk(w) (k G N) be the unique 
monic odd polynomial in I_ k of minimal degree when ^ and let bk{w) = 
when = 0. We call bk(w) (k — 1,2,...) the characteristic polynomials of V. 

Lemma 3.2 Let {bk, k G N} be the sequence of characteristic polynomials of a 
parabolic subalgebra V of the Lie algebra T> + . Then 

1) b k (w) divides w(w + (k + l)/2)b k+1 (w + 1/2) for all k G N; 

bk+i(w) divides wbk(w + l/2)bi(w — k/2) for all I, k G N; 
3) V-k ± for all k G N. 

Proof. It follows from 

[t(D + l),t- h -% +1 (D-k/2)] 
= r* ({D - k)b k+1 (D - k/2) - (D + l)b k+1 {D - k/2 + 1)) 

that b k (w + (-k + l)/2) divides 

(w - k)b k+1 (w - k/2) -(w + l)b k+1 (w - k/2 + 1). (3.31) 

We see that b k (w + (—k + l)/2) divides 

{w -k){w- k/2fb k+l {w - k/2) -(w + l)(w- k/2 + l) 2 b k+1 (w - k/2 + 1) (3.32) 

by computing [t(D + 1), r k ~ l (D - k/2) 2 b k+1 (D - k/2)]. Thus b k (w + (-Jfe + l)/2) 
divides ( |3.32j ) subtracted by ( p.31| ) multiplied with (w — k/2) 2 which is equal to 
(w + l)(w + (— k + l)/2)b k+ i(w — k/2 + 1). This proves 1). The above computation 
shows that b k+ i{w) ^ implies b k {w) ^ 0. 

Part 2) can be similarly proved by computing the following two commutators 

[r%(D + {-k + 1)/2), r%{D + (-/ + 1)/2)], 

[r k (D + (-k + l)/2) 2 b k (D + (-k + l)/2),t-%(D + {-I + l)/2)]. 

Similarly it follows that b k (w),bi(w) ^ implies b k+ i(w) ^ 0. Now part 3) follows 
from 1) and 2). □ 
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Lemma 3.3 [Vf , PjfJ = V^ +1 (k > 1), V£ = [Vf, Vt\ ®Ct 2 (D + 3/2). 
Proof. First we have 

~t(D + l) 1 ,t k {D + (k + l)/2) m 
= t k+1 ((D + k + l)\D + (k + l)/2) m - (D + 1)\D + (k + 3)/2) m 



(3.33) 

For odd positive integers / and m, t(D + 1)', t k (D + {k + l)/2) m G £> + . For m = 1, 
the leading term of the right hand side is {Ik — l)D l . When k > 1, (Ik — 1) ^ for 
Z G N. Thus in the case > 1 the right hand side of ( |3.33| ) span the whole "D^+i 
when I ranges over all odd positive integers. In the case k — 1, the right hand side 
of ( |3.33j ) when / ranges over all odd positive integers together with t 2 (D + 1) span 
the whole T>t ■ 



On the other hand, putting k — 1 in equation 



we see that the right 



hand side always contains a factor (D + 1)(D + 2). So [Df,V^\ does not contain 
t 2 (D + 3/2). 



□ 



Let r , o"(6i,6 2 ) denote the subspace of Vq spanned by 
{g(D - l/2)b 2 (D - 1/2) - g(D + 3/2)b 2 (D + 3/2) + 2< ? (1/2)& 2 (1/2)C, 

f(D)h(D) - f(D + l)h(D + 1), /, G CH (1) }- 



Proposition 3.2 Let V be a parabolic subalgebra of T> + and let bi 

1,2) be its first and second characteristic polynomials. Then 

[P,P]=P+( &1 ,& 2 )®07V 



bdw) 



Proof. It follows from D, z k f{D) = kz k f{D) and D G V + that 7\ = [V, V] k for 



A; 7^ 0. Since Vk = for > 0, it follows from Lemma |3.3| that for k > 1 



[P*+l,P-k-i] C [[Pi,P fc ],P-i- fc ] 

c [[7> fc ,7>_ fc _i],7> 1 ] + [[^- fc -i,Pi],n] c [V-i,Vi] + [7>_ fc ,P fc ]- 
Hence it follows by induction that 

[P,P] =[P U V-l] + [P 2 ,V-2]. 



(3.34) 



A direct computation shows the right hand side of ( |3.34p is indeed T>Q(bi,b 2 ). 



□ 



Example 3.1 Let V = {W r k 



n - 



■k > 0, k G Z,n G 2Z+ + 1} and let V = V®CC. 



By using Q2.25| ) it is easy to see that P is closed under the Lie bracket and thus 
is a parabolic subalgebra of T> + . Geometrically, V consists of those differential 
operators in T> + which extend to the interior of the circle. It is clear from formula 
( |2.1&| ) that the 2-cocycle \1/ when restricted to V is trivial. Denote by M c the 
generalized Verma module M(T> + ,P,£o) where £o has labels Aj = for all i and 
central charge c. Denote by V c the irreducible quotient of the X> + -module M c . 
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4 Characterization of quasifiniteness of HWM's 

of V- 

Let g = ®jeiQj (possibly dim = oo) be a Z-graded Lie algebra over C satisfying 
[flij 9j] C 0i+j, and let g + = ©j>o0j- A g-module V 7 is called Z-graded if V = ©jezVj, 
and fliV^- C Vj-i. A graded g-module is called quasifinite if dim Vj < oo for all j. 

Given A e gj, a highest weight module (HWM) is a Z-graded g-module V(q, A) = 
Q)j£i, + Vj generated by a highest weight vector v\ G Vo which satisfies 

hv A = A(h)v A (h G bo), S+va = 0. 

A non-zero vector v G V(q,A) is called singular if g + v = 0. 
A Verma module is defined as 

M(„;A)=W(fl) (g) C A 

w(bo®b+) 

where Ca is the 1-dimensional (go © g+)-module given by h i— > A(/i) if /i G go and 
g + i— > 0. Here and further ZY(s) stands for the universal enveloping algebra of the 
Lie algebra s. Any highest weight module V(fl, A) is a quotient module of M(g; A). 
The irreducible module L(g; A) is the quotient of M(g; A) by the maximal proper 
graded submodule. 

Let V = (BjVj be a parabolic subalgebra of g, and let A G g^ be such that 
A| ao n[-p,p] = 0. Then the (go ©g + )-module Ca extends to a P-module by letting Vj 
act as for j < 0, and we may construct the highest weight module 

M( fl ,7>,A)=W( fl )(g)CA 

U{V) 

which is usually referred to as the generalized Verma module. Clearly all the highest 
weight modules are graded. 

In the following we consider g = T> ± and £ G (^ ,± )o- Let b(w) be a monic even 
polynomial (resp. bi(w),b 2 (w) be two monic odd polynomials). Let £ G (^cT) be 
such that £ l$-(fe) = 0> (resp. £ G (^V) be such that £ Ifi+^j f, 2 ) = 0)- Consider a 

parabolic subalgebra V of P~ (resp. r> + ) whose first characteristic polynomial is 
b(w) (resp. whose first and second characteristic polynomials are bi(w),b 2 (w)). 
Denote by M(V~;£,b) (resp. M(V + ; £, b±, b 2 )) the generalized Verma module 
M(V~,V, £) (resp. M(V + ,V,£)). The polynomial 6 (resp. 61,62) does not de- 
termine V uniquely, but for our need, any corresponding parabolic V will do. 

Proposition 4.1 The following conditions on £ G ("^o 1 ) ore equivalent: 

1) M(T>~;£,b) (resp. M(T> + ; £, 61, 6 2 ) j contains a singular vector in its first 
graded subspace; 
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2) L(V ± ]£ t ) is quasifinite; 

3) L(V ± ;^) is a quotient of a generalized Verma module M(T>~;£,b) (resp. 
M(V + ; £, b\, b^)) for some monic even polynomial b (resp. some monic odd 
polynomials &i, 



Proof. We give the proof for the — case. The proof for the + case is essentially 
the same. 1) => 3). Denote by [t~ x b{D — l/2))t>g the singular vector where b(w) 
is a monic even polynomial of minimal degree (note that t~ x b{D — 1/2) G 2?Zi)- 
Then it is easy to see that 3) holds for this particular monic even polynomial b. 3) 
=>• 2) and 2) =^ 1) follow by Lemma [3J]. D 



we 



Let 1/(0 be an irreducible QHWM over P 1 * 1 . According to Proposition [4~T 
have {t~ x b{D — l/2))v^ = for some monic even polynomial b(w) in the — case, 
and (t _1 5(Z)))t>g = for some monic odd polynomial b(w) in the + case. Such a 
monic polynomial of minimal degree is uniquely determined by £ and is called the 
characteristic polynomial of L(£). 

We shall characterize a weight £ G (X>q~)* (resp. £ G (2}q~)*) by its labels 
A- = -£(L> n ) (resp. A+ = -£((D + 1/2)")), where n G N 0fM = {1, 3, 5, . . .}, and 
the central charge c = £(C). Introduce the generating series 



N . . . . .± 



Sometimes we simply write A ± (x) instead of A^(x), or even drop ± when no 
confusion may arise. Clearly we have 



= (e xD ~ e~ xD ) , (4.35) 



A~(x) 



A quasipolynomial is a finite linear combination of functions of the formp(x)e ax , 
where is a polynomial and a G C. Quasipolynomials have the following well- 
known simple characterization: a formal power series is a quasipolynomial if and 
only if it satisfies a non-trivial linear differential equation with constant coefficients. 
We have the following characterization of quasi-finiteness of an irreducible module 

Theorem 4.1 A V^-module L(D ± ;£) is quasifinite if and only if 

Fix) 



A ± (x) 



2sinh(x/2) 



where F(x) is an even quasipolynomial such that F(0) = 0. 
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Proof. We prove the + case first. It follows from Propositions \5.2\ and |4.1| that 
L(T> + ; £) is quasifinite if and only if there exist two monic odd polynomials bi(w) 
and 62 (w) such that for alH > 1 the following two equations hold: 

aD 2l -%(D) - (D + l) 2l -%(D + I)) = 0, (4.37) 



C({D -1/2) 21 -%(D -1/2) 

' -(D + 3/2) 2l - 1 b 2 (D + 3/2) + 2(l/2) 2l ~ 1 b 2 (l/2)C) = 0. ' UN 



Let 

M AT 

2n+l t / „\ _ „ »„2n+l 



10 



n=0 n=0 

Then we can rewrite equations ( |4.37 ) and ( |4.38| ) as 

^(eMG^i ^0 ,,3 9 ) 

n=0 \iGN odd V f / vz ' 

EME , K + + c(o) ] = 0. (4.40) 

n=0 \ieN odd \ 6 

Let F(x) = A + (x)sinh| and G(x) = A + (a;) sinhx + ccosh |. It is straightfor- 
ward to check that equations ( |4.39[ ) and ( |4.40| ) can be equivalently reformulated 
as follows: 

(E«n(^)^ +1 )F(X) = 
n=0 aX 

(Ec4) 2 " +1 )G(x) = 0. 

n=0 aX 

Since G(x) = (2F(x) + c) cosh |, we see that L(T> + ; £) is quasifinite if and only if 
F(x) is an even quasipolynomial. 

In the — case, it follows from Propositions [3]l] and |4.1| that L(T>~; £) is quasifi- 
nite if and only if there exists a monic even polynomial b(w) = J2n=o PnW 2n such 
that 

£ ((£> - l/2) 2l b(D - 1/2) - (D + l/2) 2l b(D + 1/2) + (-l/2) 2 <6(-l/2)C) = 

for all I 6 Z+. As in the + case, one can show that this condition can be reformu- 
lated as 

/ M \ 
1 n 



J2Pn(d 2 /dx 2 ) \H(x) = 0. 



\n=0 



where 

H(x) = 2A'{x) sinh(x/2) + ccosh(x/2), H(0) = c. (4.41) 
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Thus L(£) is quasifinite if and only if H(x) is an even quasipolynomial such that 
H(0) = 0. By ( |4.41| ), letting F(x) = H(x) - ccosh(x/2) completes the proof. □ 

From the proof of Theorem [4.1| we obtain the following corollary. 



Corollary 4.1 Let L(T> + ;C,) (resp. L(T>~;£)) be an irreducible quasifinite highest 
weight module over T> + (resp. T>~)withb(w) (resp. bi(w)) as its first characteristic 
polynomial. Then 

F(x) = A + (x) sinh -, H(x) = 2A~(x) sinh(x/2) + ccosh(a;/2) 

are even quasipolynomials. Let F^ + aM-iF^ M ~^ + • • • + ao = be the minimal 
order linear differential equation with constant coefficients satisfied by F(x) such 

that w M + om-iw m ~ 1 + . . . + a is an odd polynomial. Let + Pn-iH^' 1 ^ -\ h 

Po = be the minimal order linear differential equation with constant coefficients 
satisfied by H(x) such that w N + (5^^iW N ~ 1 + . . . + j3 is an even polynomial. Then 
b(w) =w N + Pn-iw"- 1 + ... + #,, h(w) = w M + a M -iW M - 1 + . . . + a . 

Given a quasifinite irreducible highest weight P ± -module V with central charge 



c G C and with A(x) as in Theorem 4.1 , write F(x) + c in the + case or F(x) + 



ccosh(x/2) in the — case as a finite sum of the form 

^Pi(x) cosh(e^"x) + ^2qj(x) sinh(e~x), (4.42) 

« 3 

where Pi(x) (resp. qj{x)) are non-zero even (resp. odd) polynomials and ef (resp. 
ej) are distinct complex numbers. Clearly 

E^(°) = c - ( 4 - 43 ) 

i 

The expression ( |4.42j ) is unique up to a sign of ef or a simultaneous change of signs 
of ej and qj(x). We call ef (resp. ej) the even type (resp. odd type) exponents 
of V with multiplicities Pi(x) (resp. qj(x)). We denote by e + the set of even type 
exponents ef with multiplicity Pi(x) and by e~ the set of odd type exponents ej 
with multiplicity qj(x). Then the pair (e + ,e~) determines V uniquely. We shall 
therefore denote this module by LiV)^-^ e + , e~). As we shall see, the following class 
of P ± -modules is especially important. 

Definition 4.1 A quasifinite irreducible highest weight T> ± -module V with central 
charge c G C is called primitive if the multiplicities of its exponents ef are nonzero 
constants G C and e~ = 0. A primitive T>~ -module V is called positive if ni G N 
when Ci ^ ±| and rii G |N when = ±|. A primitive V + -module V is called 
positive if rii G N when e« ^ and —\n io < G |z when = ; where i is the 
index such that ej = 1. (In both ± cases the central charge c = J2i n i ^ |N^. 

It is convenient to make the following convention. 
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Convention 4.1 For a primitive module V of T> ± , we let e stand for the set of 

(even type) exponents with their multiplicities in e + which are not equal to ±| 
(resp. 0) in the — (resp. +) case. The pair (e, c) determines uniquely the module 
V. We will denote this primitive module by L(V 1 ; e, c). 

5 Embedding of T>~ into infinite rank classical 
Lie algebras 

Let O be the algebra of all holomorphic functions on C with topology of uniform 
convergence on compact sets. Denote 

C« = {feO\ f(w) = -f(-w)} 
C)(o) = {feO\ f(w) = f(-w)}. 

We define a completion T>° of T> consisting of all differential operators of the form 
P f(D) where / G O and j G Z. We similarly define a completion T>°~ (resp. 
T>°' + ) of T>~ (resp. T> + ) consisting of all differential operators of the form P f(D) 
(resp. t j f(D +j/2)) where / G O (resp. G) ) and j G Z. 
Note that Pf(D) acts on C^t" 1 ] by 

tV(D)t fc = /(fc)t fc+J . 



Formula ( 2.17 ) for the 2-cocycle $ on D (resp. T>~) extends to a 2-cocycle on T>° 
(resp. T>°~). We denote the corresponding central extension by T>° = D^QCC 
and T>°~ = T>°~ CC. The commutation relations ([2.16|) extend as well. 



The vector space R m [t,t (s G C) has a basis — t t+s (i G Z) over i? m . 
The Lie algebra g^ m ' acts on this vector space by (|1.6|). The Lie algebras T> and 



T>° also act on R m [t, t x ] naturally as differential operators. In this way we obtain 
a family of embeddings 0^ of the Lie algebra T> (resp. T>°) to jj[' m ' defined by 

where /W denotes the i-th. derivative. When restricted to T>~ and T)°~, we have 
(t k f(D + k/2)) = £ £ f(t)H+ , k/2 + S) ^E 3 ^ for / G C[wf\ (5.44) 

When restricted to T> + and we have 

0H + (k + l)/2)) = £ E /W( " J + ( " +1)/2 + S) ^- fcJ (5-45) 



for / G 
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Remark 5.1 The principal Z-gradations on T> ± and are compatible under 
the homomorphisms 0j, m '. 

Let 

/H'- = {feO Ck) | / w (n + A;/2 + s) = for all nGZ,i = 0,1,..., m} 
/H'+ = {feO {1) |/«(n+(fc + l)/2 + s) = 0forallnGZ,i = 0,l,...,m} 
and let 

jM,- = { ^ /(D + A;/2) | /G/ M.- }) 

fcez 

jH, + = 0{**/(I> + (fc + l)/2)|/GiJ; ] ' + }. 

fcez 

Now fix s = (si, S2, • • • , sat) G C^, Si — Sj ^ Z ii i ^ j, s« + Sj ^ Z for all i, j. Also 
fix fh = (mi, r«2, • • • , mjv) G . Let 

JV 

and consider the homomorphism 

N 

Proposition 5.1 Given s and fh as above, we have the following exact sequence 
of Lie algebras: 

, [m] 

— Jf ]>± — 2^ ^ — 

Proof. We will prove the proposition only in the — case. The proof in the + case 
is parallel. For the sake of simplicity of notations, we prove it in the case N — 1: 
fh = m G Z + and s — s G C (s ^ Z/2 by the assumption on s). The general case is 
similar. 

It is clear from the definition of j] m ^ that ker0j, m l = j\ rn \ To show the surjec- 
tivity of (f)f^ , it suffices to find a preimage of 

i=0jez *■ 

for a fixed fcez. We need to quote the following well-known theorem: for every 
discrete sequence of points in C and a non-negative integer m there exists p(w) G (9 
having prescribed values of its first m derivatives at these points. 
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Since s £ Z/2, the two sequences {— j + | + s}j ez and {j — | — s}j 6Z are disjoint. 
Thus there exists p(w) G O such that 

p(0(_j + fc /2 + S ) = pW(j _ fe/2 - s) = (-l) fe+i+ %, 

Now let 

Then t k f(D + fc/2) is the preimage of g via 0[ m l □ 

Now we want to extend the homomorphism <jy^ to a homomorphism between 
the central extensions of the corresponding Lie algebras. Introduce the following 
functions: 

Vj(x; aO = t^V* + (-i) J e-^) (j e z+, // e c). 

The functions 7)j(x; fi) satisfy: 
T)j(—x; jj) = T]j(x; jj), Vj( x ) ~I J ) = (~^yVj( x i A 1 ); Vo( x ) A 4 ) = cosh (//a;). (5.46) 



Note that, being an even quasipolynomial, F(x) in Theorem [4.1| is a finite linear 
combination of the functions rjj(x; fi). 

Proposition 5.2 1) The C-linear map : V + — > g[' m ' defined by 

0H(C) = 1 (5.47) 

3 3 

^(D+l/2) _ e -x{D+l/2)^ _ / e <c(I3+l/2) _ e -a>(U+l/2)\ 

cosh sx - 1 _ ™ u j rij(x;s) 



sinh | 2 sinh | 

a homomorphism of Lie algebras over C. 
2) The C-linear map (fyf 1 ^ : T>~ — > gV defined by 

4^(C) = ieR m , 0l m] \ d -= 0i m] \v 7 U¥>0), (5-49) 



(fD-e-**) = H ffD _ e -* D \ _ ™M* ~ 1/2)* - cosh(a;/2) ± 
v ' v ' sinh(a;/2) 

u^rjj(x; s — 1/2) 



V /JV ' , ' (5.50) 
^ sinh(x/2) v ; 



is a homomorphism of Lie algebras over C. 
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Proof. We will prove part 1). The proof of part 2) is similar. Part 1) follows 
directly from the computation of the difference 



(e^ D+1 



j2) _ e -x(D+l/2) 



by using the following lemma (also cf. Proposition 4.4, [ KR1|Q . 



□ 



Lemma 5.1 The C-linear map 0[ m ' : T> — > gl defined by 

0N(C) = 1 

= <P [ T ] \v 3 if J t^O 
(e x(D+1/2) ) = 0i m] (e^ D+l ^) 

2)x _ 



e {s+l/2)x _ e x/2 m x i e (s+l/2)x 



i=l 



is a homomorphism of Lie algebras over C. 

Proof. Introduce two formal variables a, (3 and let x = a + /3. It suffices to check 
that for a given 

Jlml^gaP+l/a)^ Jtml^-fc^IJ+l/a))! = fim] 1^^(0+1/2)^^-^(0+1/2)^ ^ 



By a straightforward computation using ( |5.45| ) we obtain 



ftm]( t k e a(D+l/2)^ftm)( r k e P(D+l/2) 

0[m] ^fe e a(D+l/2) \ ? ^[m] ^-Ag/9(D+l/2) 

e -afc _ e /3k\ fj^. e x(-j+s+l/2) £ . . _|_ g a;« e x(s+l/2) 1 



(5.53) 



On the other hand, using fl2.16|) we have 



k^a(D+l/2) t -k e /3{D+l/2) 



t K e 



x/2 



( e -« fc - e ? k ) e x{ - D+1 'V + -^—-^C . (5.54) 



By applying <% m l to ( |5.54| ) and then comparing with ( |5.53| ) with the help of ( |5.51| ), 
we obtain (|5T52|) . □ 

The homomorphism 0j, m l : T>°~ — > gV- 171 * is defined for any s E C. However for 
s e z/2, it is no longer surjective. The case s = is described by the following 
proposition. 
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Proposition 5.3 We have the following exact sequence of Lie algebras: 

j [m] . , 

o — > 4 m] - — v°>- ^ rj m] — > o 

r i jj m ] r 1 

jN.+ 2?o,+ ^ 3 H _^ _ 



Proof. By the definition of 0q , it is easy to see that the image of (fr™ lies in 

6 c J m '' (resp. d^). The proof of the rest of the proposition is similar to that of 
Proposition |5.1| . □ 

Similarly for s = | we have the following proposition. 
Proposition 5.4 We /iai>e i/ie following exact sequence of Lie algebras: 

— jH«" — 2?°.- ^ gH _> 

, [m] 

jH ■+ V°> + b + J m] — > 0. 



Remark 5.2 For s G Z, the image of t> (resp. P + ) under the homomorphism 
0M i s z/ s (5~ H ) (resp. v s (d [ ™ ] )) (recall that i/ is defined in Q )• For s G § + Z, 

the image of £>~ (resp. T> + ) under 0[ m l is i/ s-1 / 2 (cj^) (resp. ^ s+1 ^ 2 (5^ m ^)). Hence 
we will only need to consider s = 0, | in the — case and s = 0, — | in the + case 
whenever throughout the paper. Note that the principal Z-gradation of T> + 

is compatible with the gradation of type (2, 1, 1, . . .) on d^ via the homomorphism 

00- 



Definition 5.1 We say that the vector s = (si, s^, ■ ■ ■ , sjv) G satisfies the (*—) 
(resp. (*+)) condition if s, G Z implies Sj = 0, s, G | + Z implies Sj = = ('resp. 
— and Sj 7^ ±Sj mod Z /or i 7^ j. 

Given m = (mi, . . . , mjv) G Z+ and s = (si, S2, . . . , s^) G satisfying the 



(*— ) (resp. (*+)) condition, combining Propositions |5.1| , |5.3| and |5.4| , we obtain a 
homomorphism of Lie algebras over C: 



N N 



M :P ±^ fl H.= fl M (555) 



t=i 
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where the following consistency condition is always assumed throughout 
the paper: in the — case, 

if Si = 

if Si = - 
2 

if Si £ Z/2, 




while in the + case, 



( Ami] 
h{ m i] 

U 0O 1 



if Si = 

if Si — — 
2 

if Si £ Z/2. 



Furthermore, we can prove the following proposition in the same way as Proposi- 



tion 5.1 



Proposition 5.5 The homomorphism (j)g extends to a surjective homomorphism 
of Lie algebras over C which is denoted again by (j) ™ : 

N 



1=1 



6 Realization of QHWM's of V ± 

Let stand for gl , or one of its classical Lie subalgebras. The proof of the 
following simple proposition is standard. 

Proposition 6.1 The -module L({j' m ';A) is quasifinite if and only if all but 
finitely many of the *h^ are zero, where * represents a, b,c or d depending on 
whether fl H is gl [m] , &H ; &M ; C M ord^l 

Take a quasifinite A(z) G {g^)* for each % = 1, . . . , N, and let L (g^; A(z 
be the corresponding irreducible g^-module. Then the outer tensor product 

N 

L( W;K) =(g)X( M;A(i)) 



i=l 

' ± 



is an irreducible g^-module. The module L (g^;A\ can be regarded as a Z> 
module via the homomorphism 0^™' given by ( |5.55| ), which we shall denote by 

We will need a technical lemma whose proof is analogous to that of Proposi- 
tion 4.3 in [KEU 
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Lemma 6.1 Let V be a quasifinite T> -module. Then the action of D^ 1 on V 
naturally extends to the action ofT> k ' on V for any k 7^ 0. 

Theorem 6.1 Let V be a quasifinite g^ -module, which can be regarded as a 
quasifinite V ± -module via the homomorphism 0^. Then any V ± -submodule of 
V is also a g^-submodule. In particular, the T> ± -modules L^^ (A) are irreducible 
if s = (si, s 2 , • • • , s^) satisfies the (*±) condition. 

Proof. Take any T^-submodule W of V . By the Lemma ST we can extend the 
action of T> ± to D^' 1 * 1 (j ^ 0). Then by Proposition K75L we see that the subspace 



3 

W is preserved by the action of the graded subspace g^ (j ^ 0) of g' m l Since g' m l 
coincides with its derived algebra, W is preserved by the action of the whole g^. 

□ 

We will show that in fact all the quasifinite P ± -modules can be realized as some 
L^ n '' ± (A). But first let us calculate the generating function A^j s A (x) of highest 

weight for L|"'' ± (A) in some typical cases. 

Proposition 6.2 Consider the embedding 0[ m ' : V~ — > gV with s ^ Z/2. The 
g[' m ' -module L(gl' m ';A) regarded as a V~ -module is isomorphic to L(T)~;e + ,e~) 
where e + and e~ consist of the exponents s — i — 1/2 (i 6Z) with multiplicities 

a h[ j) x j /j\ and ]T a h?x j /j\ (6.56) 

0<j<m, j even 0<j<m, j odd 

respectively (see Section [Tl| for notations; the exponents with zero multiplicities 
are dropped). 



Proof. By Theorem |6J] and Proposition |6.1| the T> -module Lg (A) is an irre- 



ducible quasifinite highest weight module. By formula (|5.49 ) we see the central 



charge c = Cq. By applying A to (|5.50|) and using formulas (|4.36|) and (|5.44|) we 
obtain: 

m 

2A- sA (x) = - £ E( a A?'ViO^ (e {s ~ l)x ~ (-l) j e^ s >) 

cosh(s — 1/2)2 — cosh(x/2) ™ CjVj( x i s ~ 1/2) 
" sinh(x/2) ~J sinh(x/2) 

_j2^2( a \ U) /j\)^^^ + l ^ -r}j{x\s-i- 1/2)) 



j=0 i£Z 



sinh(a;/2) 



cosh(s - l/2)x - cosh(x/2) ™ Cj7]j(x; s - 1/2) 

' sinh(x/2) ~^ sinh(x/2) 

(i) Egg E, gz "I'T'lM: s-i- 1/2) cq cosh(x/2) 

sinh(x/2) sinh(x/2) 
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The identity (1) above is obtained by shifting the index i to i + 1 in the first half of 
the first summation of the left hand side of (1). Now the proposition follows from 
the definition of exponents and their multiplicities. □ 

Proposition 6.3 Consider the embedding o m ' : T>~ — > . The b^ -module 
L(6^;A) regarded as a V~ -module is isomorphic to L(T>~;e + ,e~) where e + and 
e~ consist of the exponents —i — 1/2 (i £ Z + ) with multiplicities 

b M j) x j /j\ and ]T b hi j) ^/f- (6-57) 

0<7<m, j even 0<j<m, j odd 

respectively, where h h^ = b h!f (i > 0) and h h,Q = \ b h,Q (see Section for 
notations). 

Proof. We will only need to calculate A~ sA (z). The rest of the statement is 



clear, cf. the proof of Proposition |6.2j. We have: 



2A- (x) (1) V T(A(v*E ) MP ~ l + 1/2) " ~' ~ 1/2)) 

™ c jVj (x;-l/2) 
P x sinh(x/2) 

(J E J m = oE ig A(tf£ ti - -i - 1/2) 

sinh(x/2) 

p{ sinh(x/2) 

(J E^o g^^j j - 1/2) cq cosh(x/2) 

sinh(x/2) sinh(x/2) 

The identity (1) is obtained from a similar identity in the proof of Proposition |T 
by putting s = 0. The identity (2) is obtained by shifting the index i to i + 1 in 
the first half of the first summation of the left hand side of (2). The identity (3) 
is obtained by splitting the summation into two, = Eiez + + Sie-N; changing 
the index i to —i — 1 in the second summation, and then using formulas (|1.7| ) and 



(5.46). □ 



Proposition 6.4 Consider the embedding <py\ : T> — > c]$. The c]$ -module 

L(c^;A) regarded as a T>~ -module is isomorphic to L(T>~;e + ,e~) where e + and 
e~ consist of the exponents s — i — 1/2 (i £ Z+) roi/i multiplicities 

]T c h?x j /j\ and £ c h?x j /j\ (6.58) 

0<j<m, j even 0<j'<m, j odd 

respectively (see Section |773| for more notations). 
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Proof. It suffices to calculate A msA (x): 



j=0 i&Z 



sinh(x/2) 



-i 



| ^ l-cosh(g;/2) + ™ c^(x;0) 
sinh(x/2) sinh(x/2) 

(2) E^l E»gz M ujE ti - Ei+i,i+i)vj(x; 

sinh(x/2) 
1 - cosh(x/2) ™ c jVj( x > 0) 
sinh(x/2) ~[ sinh(x/2) 

(J EJL Q E i&+ c h ( i 3) V j {x; -i) _ cp coshp/2) 
sinh(x/2) sinh(a;/2) 



The identity (1) is obtained from a similar identity in the proof of Proposition |672 
by putting s — ~. The identity (2) is obtained by shifting the index z to i + 1 in 
the first half of the first summation of the left hand side of (2). The identity (3) 
is obtained by splitting the summation into two, J2iez — Siez + +S«e-N; changing 
the index i to — i in the second summation, and then using formulas and 



Proposition 6.5 Consider the embedding 0^ m l : T) + — > gl m with s ^ Z/2. The 
-module L(g['"^;A) regarded as a V + -module is isomorphic to L(T) + ; e + , e~) 
where e + and e~ consist of the exponents s — i (i El) with multiplicities 

]T a h[ j) x j /j\ and £ a h?x j /j\ (6.59) 

0<j<m, j even 0<j<m, j odd 

respectively (see Section |i.i| for notations). 



Proof. By Theorem |6.1| and Proposition |TT] L s (A) is an irreducible quasifinite 



highest weight D + -module. By formula (|5.47|) we see the central charge c = c$. By 
applying A to ( |5.48| ) and using formulas (|4.36| ) and ( |5.45|) we obtain 



2A+ sA (x) = - £ £( a A^/jO^' (e*-* 1 '*)* - (-l)i e 0— V)* 
cosh(sx) — 1 CjTiAx; s) 

+c . ; ; + E ^ 



sinh(a;/2) ^sinh(x/2 

m 



Cj) s - z + 1) - s - z')) 



i=0 if 



sinh(a;/2) 



cosh(sx) — 1 CjT)j(x; s) 

C ° sinh(x/2) sinh(x/2) 
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(j) Ej m =0 E i& a K fvj(x;s-i) _ cp 

sinh(x/2) sinh(a;/2) 

The identity (1) above is obtained by shifting the index i to i + 1 in the first half 
of the first summation of the left hand side of (1). This completes the proof of this 
proposition. □ 



Proposition 6.6 Consider the embedding : T> + — > dj$. The d^ -module 
L(d^;A) regarded as a P 4 -module is isomorphic to L(V~;e + ,e~) where e + and 
e~ consist of the exponents —i (i G Z + ) with multiplicities 

]T d h\ j) x j /j\ and d h\ j) ^ j /j\ (6.60) 

0<J<m, j even 0<j<m, j odd 



respectively, where h\ = tif (i > 0) and Kq = \ ( h , — h\ ) (see Section 
for notations). 

Proof. We will only need to calculate A^ nsA (x). The rest of the statement is 
clear, cf. the proof of Proposition |6.2j . 



- A "'- v( '° LL(AM " )/J!) shim>72) + £ sinh(o;/2) 



j=0 iGZ 



(2) E^p Eigz H uJE u ~ M J .E,+i,,+i)77j(z; Cj77j(x;0) 

sinh(x/2) ~J sinh(x/2) 

(3) Ef=o (E ieN d /4 J \(z; -0 + - o)) 



sinh(x/2) sinh(a;/2) 



The identity (1) is obtained from a similar identity in the proof of Proposition |6T2 
by putting s = 0. The identity (2) is obtained by shifting the index i to i + 1 in 
the first half of the first summation of the left hand side of (2). The identity (3) 
is obtained by splitting the summation into two, Eiez = E?ez + + Eie-N? changing 
the index i to —i in the second summation, and then using formulas Q1.14Q and 



Proposition 6.7 Consider the embedding </>|^y 2 : ^ + — ► &{^- 77ie b^ -module 

L(6^;A) regarded as a V + -module is isomorphic to L(T>~; e + , e~) where e + and 
e~ consist of the exponents —i — 1/2 (i G Z + ) multiplicities 

b h^y/jl and Y 6 /?V/j! (6.61) 

0<j'<m, j e^en 0<,j'<m, j odd 

respectively, where b h[^ = b h!f (i > 0) and h h,Q = | 6 /io (see Section \1 . jj| for 
notations). 
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Proof. Again it suffices to calculate sA (x). 



j=0 igZ 



sinh(a;/2) 



(2) 



cosh(x/2) - 1 ™ tyfrfo; -1/2) 
sinh(x/2) j~ sinh(x/2) 

E|U E tgz A(^E M - );,,(.;•: -z - 1/2) 

sinh(x/2) 
cosh(a;/2) - 1 ™ ^(x; -1/2) 
sinh(x/2) ~J sinh(x/2) 

£™o E iez+ "hPvj ,(*; -i - 1/2) 



sinh(x/2) sinh(x/2) 
The identity (1) is obtained from a similar identity in the proof of Proposition |5T2" 



by putting s — — |. The identity (2) is obtained by shifting the index i to i + 1 in 
the first half of the first summation of the left hand side of (2). The identity (3) 
is obtained by splitting the summation into two, Eiez = Eiez+ +E«e-N) changing 
the index i to —i — 1 in the second summation, and then using formulas ( |1.7|) and 
( ET3ED . □ 



Take an irreducible quasifinite highest weight T> -module V with central charge 
c and 

A(x) = — 

v ; 2sinh(a;/2) 

where F(x) is an even quasipolynomial such that F(0) = (see Theorem |4.1| ). We 
may write 

F(x) + ccosh(x/2) = J2J2 a s,jVj(x; s - 1/2) (6.62) 

sec j=o 

where a s j G C and a s j ^ for only finitely many s G C. We can fix the ambiguities 
in expressing F(x) in the form Q6.62 ) caused by the symmetries (|5.46|) by the 



following rules in choosing the parameter s: when s G Z, we require s < 0; when 
s G | + Z, we require s < ^; when s (fc |z, we require that Im s > if Im s ^ 0, or 
s — [s] < | if s G R, where Im s denotes the imaginary part of s and [s] the closest 
integer to s which is not larger than s. 

Decompose the set {s G C | a s j ^ for some j} into a disjoint union of equiva- 
lence classes under the equivalence condition: s ~ s' if and only if s = ±s' ( mod Z). 
Pick a representative s in an equivalence class S such that s = if the equiv- 
alence class lies in Z and s — | if the equivalence class lies in ~ + Z. Let 
S* = {s, s — fci, s — &2> • • •} be such an equivalence class and let m = maxm s . 

Put ko — 0. It is easy to see by the rules in picking the parameter s that if s = 
or |, then fci, &2, ■ • • G N. 
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We associate to S the g^-module Lj, m l (A s ) in one of the following three ways: 
First, if s ^ Z/2, let a h^ = a s +kr,j (j = 0, . . . , m si r = 0, 1, 2, . . .). We associate 
to S a g[' m '-module L^(\s) with central charges and labels 

ci=£ a 4?> a A? } = E;^ 



where a h^ = a h^ — Cj5 k)0 . 

Secondly, if s = 0, let b h^ = ak r j(j = 0, . . . , m , r G Z + ). We associate to 5 a 
6j^°l-module Lo mo ^(As) with central charges and labels 



c 



E^O'even), ^ = (j odd) 



where « G N,j = 0, . . ., m . 

Thirdly, if s = |, let c /i^ = ai/2+fc r ,j(j = 0, . . . ,m 1 / 2 ,T G Z + ). We associate to 

5 the cl^ 1/2 '-module L^^As) with central charges and labels 

2 

9 = E e hj£ U ^en) , c, = ( j odd) , C A? } = £ °h<£ 

where i G N, j = 0, . . . , mi/2. 

Denote by {si, S2, . . . , sjv} a set of representatives of equivalence classes in the 
set {sGC a s j ^ for some j}. By Theorem |Q| , the P~-module Ly 1 ^' (A) is 
irreducible for s = (si, s 2 , . . . , sat) satisfying the (*— ) condition. Then we have 



A rt ,.,a( X ) = E A m, jSi ,A(i)(^)> C = E C 0< 



Summarizing the above, together with Theorem |6.1| , Propositions |6.3| and 
O , we have proved the following theorem for the — case. Similarly one can prove 
the + case with the help of Theorem |6.1|, Propositions |6.5|, |6.6| and T 



Theorem 6.2 Let V be an irreducible quasifinite highest weight T) ± -module with 
central charge c and 



A ± (x 



2sinh(x/2) 



for some even quasipolynomial F(x) which is written in the form Then V is 

isomorphic to the tensor product of the modules L^^^Ks) for different equivalence 
classes S . 
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Remark 6.1 A different choice of representative s ^ \l in an equivalence class 

S has the effect of shifting g[' m ' via the automorphism v l for some i. It is not 
difficult to see that any irreducible quasifinite highest weight module L(T> ± ; £) can 
be obtained as above in an essentially unique way up to the shift. Note that we 
have always put Cj = (j odd) when s = or \ in the — case (resp. — \ in the + 
case). We could have defined and to be the central extensions 

of b^ m \ b + ^ m \ cH and d l ™ ] by R' m = ej™{ 2] Cu 2 ^ C R m . We have made our choice 
for the convenience of notations. 

7 Unitary QHWM's of V± 

Consider the following anti-linear anti-involution uj of the Lie algebra T>: 

uj(t k f(D)) = r k J(D-k), uj(C)=C, 

where / denotes the complex conjugate. Note that V ± is u;-invariant: 

uj(t k f(D + k/2)) = t- k J(D-k/2) 
u(t k f{D + (k + l)/2)) = t- h f(D + (-k + l)/2). 

The goal of this section is to classify all unitary quasifinite highest weight modules 
over T> ± with respect to the anti-involution uj. 

Remark 7.1 1) The anti-involution uj on T> is compatible with the standard 
anti-involution uj' of $j[ (given by the complex conjugate transpose of a matrix) 
under the homomorphism S = (fif^ : V°~ — ► qI: 

uj'(Ut k f(D))) = M"(t k f(D))), 
where s G C and s denotes its complex conjugate. 

2) With respect to the anti-involution uj' of gl defined by uj'(A) = l A and uj'(c) = 
c, a highest weight gt-module with highest weight A and central charge c is 
unitary if and only if all a hi are non-negative integers and c = J2i a hi- This 
follows from the unitarity of finite dimensional modules over gl n . 

Similarly, a highest weight module of or with highest weight A and 
central charge c is unitary with respect to uj' if and only if the numbers 
b hi (i E Z + ) are non-negative integers and c = | 6 /i + J2i>i h hi- 

A highest weight Coo-module with highest weight A and central charge c is 
unitary if and only if the numbers c hi (j G Z + ) are non- negative integers and 
c = J2i>o c hi- 

A highest weight rfoo-module with highest weight A and central charge c is 
unitary if and only if the numbers d hi (j G Z + ) are non- negative integers and 
c=( d h + d h 1 )/2 + J2 t >2%- 
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Remark 7.2 A highest weight d^-module with highest weight A and central charge 
c is unitary if and only if the numbers d hi G Z + (i G N), c G \'L + and c > 
d h x /2 + Y*>2 d hi. 

Lemma 7.1 1) Let V be a unitary quasifinite highest weight module overT>~ , 
and let b(w) be its characteristic polynomial. Then b(w) has only real roots 
and any non-zero root of b(w) is simple; is a double root of b(w) if it is a 
root. 

2) Let V be a unitary quasifinite highest weight module over T> + , and let b(w) 
be its characteristic polynomial. Then b(w) has only real simple roots. 

Proof. We will prove part 1). The proof of part 2) is similar. 

Let v a be a highest weight vector of V. Since b(w) is an even polynomial, we 
may assume that deg&(u>) = 2n, and b(w) = g(w 2 ) for some polynomial g(w). 
Then the first graded subspace V\ of V has a basis 

{r\D - 1/2) 2 V < I < n}. 

Consider the action of S = -^(4D 3 + 4A 3 + 1) G T>~ on End V x . It is straight- 
forward to check that 

s j (rW) = (r\D-l/2) 2 i)v A . 

It follows that 5'(S')(t~ 1 f a) = and {S : >(t~ 1 v a), < j < n} is a basis of V\. We 
conclude from the above that g(w) is the characteristic polynomial of the operator 
S on V\. Since the operator S is self-adjoint, all the roots of g(w) are real. 
Similarly, let 62 (w) be the polynomial of minimal degree such that 

r 2 b 2 (D - l)v A = 0. 

Since 62 (w) is an odd polynomial, we may assume 62 (w) = wg2(w 2 ) for some 
polynomial g2(w) of degree k. Consider the action of T = — |(-D 3 + A 3 + 2) G 
on the second graded subspace V 2 of V. One can check that 

T j ((t- 2 (D - 1)) v A ) = {t-\D - lf^) v A . 

It follows that g 2 (T)((t- 2 (D - l))v A ) = and {T^(t- 2 (D - l))v A ), < j < n} is 
a basis of V2. 

We then conclude that g 2 {w) is the characteristic polynomial of the operator 
T on V 2 . Since the operator T is self-adjoint, all the roots of g 2 {w) are real. By 
Lemma |3.1| , divides wb 2 (w — 1/2). Given a root a of it follows that 



a(a - l/% 2 ((a - 1/2) 2 ) = 0. 
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So either a is equal to 0, ~, or (a — 1/2) 2 is real. But we know already that a 2 is 
real as well since a 2 is a root of g(w). Thus a is real. 

Now let r be a root of g(w) of multiplicity m, then we may write g(w) = 
h(w)(w — r) m for some polynomial h(w). Denote v = (S — r) m ~ 1 h(S)(t~ 1 v\). It is 
a non-zero vector in V\. However, on the other hand, 

(y, v) = (c(5')(rV), (S - r) 2m - 2 c(S)(r l v x )) = if m > 2. 

Hence the unitarity condition forces m — 1. Consequently, any non-zero root of 
= g(w 2 ) has multiplicity 1 and is a double root if it is a root. □ 



Lemma 7.2 If L^™ (A) is a unitary quasifinite irreducible highest weight module 
over V^, then m = 0. 

Proof. By Theorem |6.2j , Corollary [4. 1| and Lemma |7TT| , we see that a s j = (j > 1) 
in (|6.62|) in the — case. The argument for the + case is the same. □ 



Theorem 7.1 1) An irreducible quasifinite highest weight T>~ -module with cen- 
tral charge c is unitary if and only if it is positive primitive with real exponents 
Ci, or equivalently if and only if 

A , s _ E^»(cosh(ejx) - cosh(x/2)) 

W ~~ o • w TTyJ {1.06) 

2 smh(x/2) 

where Ci are distinct real numbers different from ±| ; n» G N ; c G and 

i2) ^4 quasifinite irreducible highest weight V + -module with central charge c is 
unitary if and only if it is positive primitive with real exponents or equiv- 
alently if and only if 

a / x E i ^(cosh(e i x) - 1) 
Ax = - 



2 sinh(x/2) 

where ej are distinct non-zero real numbers, G N, c G |z + and c > 
Ei^j + n io /2. Here i is the index such that e io = 1. 

3) Any unitary quasifinite highest weight T)^ -module can be obtained by taking a 
tensor product of N unitary irreducible highest weight modules over and 

restricting to V ± via where s = (si, S2, • • • , sjv) ($i G K) satisfies the 
(*±) condition. 

Proof. The "only if" part of 1) was implied by the Lemma [7.2| . The part 3) follows 
from Remark |7.1| . Now the "if" part of 1) follows from part 3) since by Theorem 
372] we have realized all irreducible unitary quasifinite highest weight ©"-modules 
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with A(x) of the form (7.63). The proof of part 2) is similar to part 1) (cf. Remark 



31 □ 



By Theorem |T|, a positive primitive D ± -module is the pullback of a tensor 
product of N unitary irreducible highest weight modules Vi over via a homo- 
morphism <$g\ where s — (s\, S2, ■ ■ ■ , Sn) {si G C) satisfies the (*±) condition. 
Since the Z-gradations of V^ 1 and g' ' are compatible under the homomorphism 
(J)f\ the g-character formula of a positive primitive module of T> ± is given by the 
product of the g-character formulas of Vi, which are in turn given by formulas ( |1.5| ), 
(|1.8p , and ( |1.12| ) in — case (resp. ( |15.115| ) in + case). 



Remark 7.3 One can introduce a tensor category (!\± consisting of all positive 
primitive modules of T)^ with non-negative half-integral central charge as was done 
for Wi +O o in ||W1|| (also cf. ||W2|| ) equipped with the usual tensor product. One 



can show that C\± is a semisimple tensor category. A tensor product of two 
irreducible modules in such a category is decomposed into an (infinite) sum of 
irreducibles with finite multiplicities. Certain reciprocity laws can be established 
between these multiplicities and some branching coefficients in finite dimensional 
Lie groups as a formal consequence of various duality results we will establish in 
the next sections. 



8 FFR's of QHWM's over T>~ with c G -n/2 



8.1 Dual pair (0(2/), V~) 

In this subsection we study the free field realizations (FFR's) of certain primitive 
D~-modules with negative integral central charges in some bosonic Fock spaces 
and establish certain duality results. These duality results are intimately related 
to duality results obtained in |W2j j. We refer the reader to [ |W2| for more detail. 



In the case of T> similar results were obtained in ||KR 2 
Let us take a pair of bosonic ghost fields 



7 W 



1 (Z) = £ 7n 



ne-. 



net 



with the following commutation relations 

Ylrai 7n ] — ^m+n.O- 

We define the Fock space T®^ 1 of the fields 7 + (z) and 7 _ (^), generated by the 
vacuum |0), satisfying 



7+|0)=7„lO) = 0, 



1 

n E - 
2 



Z , 
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Now we take I pairs of bosonic ghost fields 7 + ' p (2;),7 )P (z) (p = and 
consider the corresponding Fock space 

It is well known and straightforward to verify that 

E(z,w) = ^^-W = -^: 7 + ^) T -^H: (8.64) 

defines an action of g[ on F®~ 1 with central charge — /. 

It is known [|FF| that the Fourier components of the following generating func- 
tions 



e pq (z) 



E ^Mz^- 1 =: ^ p (z)^ q (-z) : (p ^ q) (8.65) 



E eP^n)^-"- 1 =: > p (z)-f- ' q (- z) : (p ^ g) (8.66) 



<*{z) = E el q {n)z~ n - 1 =: j + > p (z)j-' q (z) : (p, g = 1, . . . , J) (8.67) 



span an affine algebra q^ 2 \21) of type A^-i °f central charge —1. The horizontal 
subalgebra of the affine algebra gl^(2l) spanned by e^(0), e^(0), e pq (0) (p,q = 
is isomorphic to the Lie algebra so(2Z). The Borel subalgebra of so(2l) 
is taken to be the one spanned by e pq (p < q), e pq ,p, q = 1, . . . , / and the Cartan 
subalgebra is spanned by e pp ,p = 1,...,/. The action of so(2/) can be lifted to 
an action of SO(2l) on F®~ 1 and then extends to 0(21) naturally. For example 
the operator which commutes with ip ' (z) (k — 1, . . . , I — 1) and sends ip ' (z) to 
^ l (z) lies in E 0(21) - SO (21). Put 



)z i - 1 w- j 



ij& (8.68) 

= eu (i + ' k (zh~' k (w) - ^ k (-w)j-' k (-zy 



The operators Eij — (— l) t+ ^ Ex-j^-i (i,j G Z) span Cqo with central charge —I. It is 
known ||W2|| that the actions of 0(21) and commute with each other and form 



a dual pair on ~ l in the sense of Howe [[Hi], 

0(21) is a semi-direct product of 50(2/) by Z 2 . If A is a representation of 
S0(2l) of highest weight (mi,m 2 , . . . , m{) (mi ^ 0), then the induced representa- 
tion of (mi,m 2 , . . . , mi) to 0(21) is irreducible and its restriction to SO (21) is a 
sum of (m l5 m 2 , . . . , mi) and (m 1; m 2 , . . . , —mi). We denote this irreducible repre- 
sentation A of 0(21) by (m 1; m 2 , . . . , mj), where mi is chosen to be greater than 
0. If mi = 0, the representation A = (mi, m 2 , . . . , m^_i, 0) extends to two different 
representations of 0(21), denoted by A and \(£)det, where del is the 1-dimensional 
non-trivial representation of 0(21). We denote 

£(.D) = {(m\, m 2 , . . . , mi) \ mi > m 2 > . . . > mi > 0, m^ € Z; 
(mi,m 2 , mi-i, 0) det, 

(m 1? m 2 , . . . , m/_i, 0) | mi > m 2 > . . . > m^_i > 0, m 8 e Z} . 



44 



V. G. Kac, W. Wang and C. H. Yan 



Define a map A Dc from E(D) to Cqoq by sending A = (mi, • • • , m ; ) (mi > 0) to 

i 

A Dc (A) = {-I - mO c Ao + J2( m k ~ m k+1 ) c A k (m l+1 = 0), 

k=l 

sending (mi, • • • , rrij, 0, • • • , 0) (j < I) to 

A Dc (A) = (-1 - m!) c A + ^2(m k - m k+1 ) c A k , 

k=l 

and sending (mi, • • • , rrij, 0, • • • , 0) det to 

j — i 

A Dc (A) = (-/ - mi) c A + £(m fe - m fc+1 ) c A fc + (m 3 - l)% + c A a -;, 

fc=i 

if mi > . . . > rrij > rrij+i = . . . = mi = 0. 

The following theorem was proved in |[W2|| . 

Theorem 8.1 We have the following (0(21), Cqo) -module decomposition: 

F®-i= V(0(2l)-\)®L( Coo -A^(\),-l) (8.69) 

AeE(D) 

where V(0(2l); A) zs i/ie irreducible 0(2l)-module parametrized by A G £(-D) and 
L (cqo; A Dc (A), — Z) is i/je irreducible c^-module of highest weight A Dc (A) and central 
charge —I. 

Note that V~ acts on JF<8>-' 

via the composition of the homomorphism 0i/ 2 
and the action of c^ given by flS.68j ). Introduce the following generating function 

T? /2 (z) = £ T n k l/2 z- k - n - 1 (n G 2Z + + 1) 

fcGZ 

for the basis Tj?' 1 ' 2 defined in ( |2.22| ) of T>~ . It follows from Proposition [572] that 

c = -I (8.70) 
01/2 (e xD - e~ xD ) = <p l/2 (e xD - e~ xD ) -Ztanh(x/4). (8.71) 

It follows that 

0i/ 2 (T o "' 1/2 )=0i /2 (T o n ' 1/2 )-a n / (8.72) 
for some constant a n determined by ( |8.71|) depending on n only. 

Lemma 8.1 One can recast the action ofT>~ in terms ofTy 2 (z) as 
i 



TU Z ) = ~ E ( : l + >\z)d n z l-> k (z) : + : ! (-z) 7 "-* \-z) :) - a n lz 

k=l 



-n-1 
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Proof. We have the following calculations. 



tu*) = En 



.n,l/2 -k-n-l 



Z 



feGZ 

= - + - - ^\n)E 3 - Kj z- k - n - x - a n lz- n - 1 

-n— 1 



(2) 



2 [-J']n (^i-fcj + (-l) fc+1 £?i_ ilfc _ i+ i) z^-"" 1 - ajz 
fej'ez 



k=l 

where equation (1) is given by the homomorphism <pi/2 (cf. (|5.44| ) and ( 8.72| )), (2) 
is obtained by change of variables in the second summation (replacing j — k — 1 
with j), and (3) follows by taking the n-th derivative of ( |S.68|) with respect to w 
and then putting w = z. □ 

For A = (mi, ■ ■ ■ ,rrii) G S(Z?) (mj > 0) we let e(A) be the set of the ex- 
ponents k with multiplicity m k — m fc+1 (A; = 1, . . . , I) and the exponent with 
multiplicity — / — mi, where mi + i = 0; for A = (mi, ■ ■ ■ , mj, 0, • • • , 0) G S(-D) 
(j < I), we let e(A) be the set of the exponents k with multiplicity m k — rrik+i 
(k = 1, . . . , j) and the exponent with multiplicity — / — mi, where m J+ i = 0; for 
(mi, • • • , mj, 0, • • • , 0) det G S(Z?) (j < I) we let e(A) be the set of the exponents 
k with multiplicity m^ — m k+ i (k = 1, . . . , j — 1), the exponent j with multiplicity 
mj — 1, the exponent 21— j with multiplicity 1 and the exponent with multiplicity 
—I — mi. 

Now we can state a duality theorem between 0(21) and T>~ (recall Conven- 



tion 4.1 



Theorem 8.2 0(21) and T> form a dual pair on 1 . More explicitly we have 
the following (O (21), V~) -module decomposition: 

j&-i = J A = V(0(2l);\)®L(v-;e(\),-l). (8.73) 



Proof. Since the actions of 0(21) commutes with c, 
with the action of T>~ given in Lemma |8.1| by Proposition K74 



the action of 0(21) commutes 
So the decomposition 
of the Fock space into isotypic subspaces with respect to the dual pair (Sp(2l), c^) 
can be regarded as decomposition with respect to the dual pair (Sp(2l),V~) as 
well. By Theorems |8~T[and [D]each isotypic subspace is irreducible under the joint 
action of Sp(2l) and T>~ . By Proposition p]l and Theorem RTTlthe highest weight 
of the representation I\ with respect to T>~ is given as follow. 



H-mi) + Ei 



:1 (m k — m k+1 ) cosh(kx) — Zcosh(a;/2) 
2 sinh(x/2) 2sinh(x/2) 
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for A = (mi, • • • , m~i) G E(-D) (m; > 0). 

The cases A = (mi, • • • , rrij, 0, • • • , 0) (j < I) and (mi, • • • , rrij, 0, • • • , 0) (g) det 
can be treated similarly. □ 



8.2 Dual pair (0(2/ + 1),V~) 

In this subsection we will realize certain primitive ©"-modules with negative half- 
odd-integral central charges in some Fock spaces and establish some duality theo- 
rems. We need a bosonic field x( z ) — DnG±+z Xn,z~ n ~^ which satisfies the following 
commutation relations: 

[x m ,Xn] = (-l) m+ ^ m ,-n, m,nG^ + Z. 

Let J : ®~ l ~z be the tensor product of the Fock space of I pairs of bosonic ghost 
fields 7 ±,fc (z) (k = 1, . . . , /) and the Fock space JF® ~\ of x( z )- 

It is known ||FF|| that the Fourier components of the generating functions (|8.65 ), 
( 8.66j ), ( |8.67| ) and the following generating functions 

eP ( z ) = ^ eP ( n )^-n-i = :>y-*(z)x(-z): 

nGZ 
nGZ 



span an affine algebra of central charge —1 when acting on JF® ~\ . Its horizon- 
tal subalgebra is isomorphic to so(2/ + l). We take the Borel subalgebra b(so(2/ + l)) 
to be the one spanned by e pq (0)(p < q), e^(0), e^(0),p, q = 1, . . . ,/. The Cartan 
subalgebra f)(so(2/ + 1)) is spanned by e pp (0),p = 1, . . . , /. 

The action of so(2/ + 1) can be lifted to SO{2l + 1) on and then 

extends naturally to 0(21 + 1). For example the operator which commutes with 
•$±> k (z), k = 1, . . . , / and sends x(z) to ~x(z) lies in 0(21 + 1) - SO(2l + 1). Let 



£ (i% - (-l)^.^ 



»jez (8.74) 
= ELi (: l + ' k (z)T' k (w) ■ + ■ ^(-w^-'H-z) :) + : X ( z )x(~w) : . 

The operators i2y — (— l) l+;? .Ei_j .i_j (i, j G Z) span Cqo with central charge —1 — 1/2. 
It is shown |[W2|| that 0(21 + 1) and form a dual pair on 



An irreducible modules of SO (21 + 1) is parametrized by its highest weight 
A = (mi, . . . , mi), mi > ... > mi > 0, m^ G Z. It is well known that 0(2/ + 
1) is isomorphic to the direct product SO (21 + 1) x Z 2 by sending the minus 
identity matrix to — 1 G Z 2 = {±1}- Denote by det the non-trivial one- dimensional 
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representation of 0(21 + 1). An irreducible representation A of SO (21 + 1) extends 
to two different irreducible representations of 0(21 + 1) by tensoring with the trivial 
representation and non-trivial representation of Z2, denoted by A and A® del All 
irreducible representations of 0(21 + 1) can be obtained this way Then we can 
parametrize irreducible representations of 0(21 + 1) by S(-B) consisting of highest 
weights (mi, . . . , mi) and (mi, . . . , mi) (g) det. 

Define a map A bc from E(-B) to Cqoq by sending A = (mi, m2, . . . , mi) to 

A bc (A) = (-/ - mi - 1/2) C A + £(m fc - m k+1 ) c A k 



k=l 



and sending A = (m 1 ,m 2 , . . . , mA ® det to 



i-i 

A bc (A) = (-/ m i 1/2) C A + - ^fc+i) c A fc + K- - 1)% + c A 2i _ J+ i, 

fc=i 

where mi > . . . > mj > mj + i = . . . = mi = 0. The following theorem is proved in 



W2 



Theorem 8.3 We have the following (0(21 + 1), c^-module decomposition: 
jr®-i-\ = V(0(2l + l);\)®L( Coo ;A u (\),-l-l/2) 

AGS(B) 

where V (0(21 + 1); A) is the irreducible 0(21 + 1) -module parametrized by A G S(5) 
and L (coc,; A bc (A), — / — 1/2) zs the irreducible highest weight Coo-module of highest 
weight A bc (A) and central charge — I — 1/2. 

Note that T>~ now acts on 2 via the composition of the homomorphism 

0i/2 and the action of Cqo given by formula ( |3.74j ). The following lemma is analogous 
to Lemma I 



Lemma 8.2 We can recast the action of T> in terms of generating function 
T? /2 (z)=Y, k& T k a ' 1/2 z- k - n - 1 as 

T? /2 (z) = - E (: 1 + ' k (z)d: 1 ~' k (z) : + : d n zl + > k (-z)T> k (-z) :) 
fe=i 

- : x{z)d n zX (-z) : -a n (l + l/2)z- k - n ~\ n E 2Z + + 1. 

For A = (mi, • • • , m^, 0, • • • , 0) G £(-B), we let e(A) be the set of the exponents 
k with multiplicity m k — m k+ i (k = 1, . . . , j), where m^+i = 0, and the exponent 
with multiplicity —I — mi — 1/2; for A = (mi, • • • , m 3 -, 0, • • • , 0) §§det G £(£>) we let 
e(A) be the set of the exponents k with multiplicity m k — m k+ i (k = 1, . . . , j — 1), 
the exponent j with multiplicity mj — 1, the exponent 21 — j + 1 with multiplicity 
1, and the exponent with multiplicity — / — mi — 1/2. 

Now we have the following duality theorem on the joint action on JF®"'^ of 
the dual pair (0(21 + 1),V~). The proof is similar to that of Theorem |S.2| which 
is now based on Theorem |8.3| and Proposition |Q. 
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Theorem 8.4 We have the following (0(21 + 1),X> )-module decomposition: 
F®-H= V(0(2l + l);\)®L(v-;e(\),-l-l/2). 

AsE(-B) 

9 FFR's of QHWM's over V~ with c e n 

In this section we will realize certain primitive ©"-modules with positive integral 
central charges in some fermionic Fock spaces. Similar results for T> were obtained 
FKRW|| (see also ||KR2|| ) . Let us take a pair of fermionic fields 



in 



= 5>+z-"-^ ; r^HEVC*"""*"* Z = i + ZorZ 
with the following anti-commutation relations 

= o. 

We take the convention here and below that e = if Z = | + Z; and e = | if 
Z = Z. Denote by the Fock space of the fields an d V' + (' 2 0, generated by 

the vacuum |0), satisfying 

0+|O) = VC|0) = (nG^+Z + ), whenZ = i + Z, 

■0+ 10) = VVil ) = (n G Z + ), when Z = Z. 

Now we take / pairs of fermionic fields, ip ±,p (z) (p = 1, . . . , I) and consider the 
corresponding Fock space 

Introduce the following "twisted" generating functions 

(9.75) 
(9.76) 
(9.77) 
(9.78) 



E(z, 


w) 


= j2 E ijz l 


- 1+2e W - J 


= E 

fc=i 


: 


z^-'M :, 


e pq 


(z) 


= £e«(n) 


z -n-l+2c 


=: ^ 




-•«(-*) 


P pg 

°** 


(z) 


= E e **(«; 

nSZ 


^-n-l+2e 


=: V 4 " 




:, 




(z) 




^-n-1+2^ 


=: ^ + 







where p, g = 1, . . . , I. It is known [JFFfl that the Fourier components of these 



generating functions span a representation of the twisted affine algebra gZ^(2Z) of 

(2) 

type A 2l _ l with central charge 1. 

I. Case Z = | + Z: dual pair (Sp(21),P~) 
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The horizontal subalgebra of gl^ 2 \2l) spanned by the operators e pq (0), e^ q (0), 
e **(0)> (P; Q = I; ' ' ' ^ is isomorphic to Lie algebra sp(2l). We identify the Borel 
subalgebra b(sp(2Z)) with the one generated by e pq (0) (p < q), e£f(0) (p 5 9 = 1 3 • • • > 
and the Cartan subalgebra with the one generated by e^ p (0) (p = 1, . . . , I). Let 

( ,: ,):' : <r ' 

W6Z (9.79) 
= ELi ( : ^ + ' fc (^)^"' fe H : + : ^+' fc (-w)^-> fc (-z) :) . 

The operators E it j — (—iy + ^Ex-j t x-i G Z) span Cqo with central charge I. The 
action of sp(2Z) on JF®' can be integrated to Sp{2l). It is known ||W2|| that the 
actions of Sp(2l) and commute with each other on F® 1 and they form a dual 
pair. 

Finite dimensional irreducible modules of Sp(2l) are parametrized by the high- 
est weights in 

E(C) = {A = (m 1 ,...,m,),mi>...>m i ,m i G Z + }. 
We define a map A" from S(C) to Cqoq by sending (mi, . . . , mj) to 

A"(A) = (/-j) c Ao + E c A mfc , 

fc=i 

where mi > . . . > rrij > mj +1 = . . . = mj = 0. We quote the following theorem 
from IIW2 . 



Theorem 9.1 We have the following (Sp(2l),c 00 ) -module decomposition: 

F® 1 = V(Sp(2l);\)®L(c 00 ;A cc (\),l) (9.80) 
Aes(C) 

where V(Sp(2l); A) is the irreducible Sp(2l) -module parametrized by A G £(C) ; one? 
L (coo; A"(A), Z) £/ie irreducible highest weight Coo-module of highest weight A"(A) 
and central charge I. 

Note that V~ acts on T® 1 via the composition of the homomorphism <fix/2 and 
the action of Cqo given by formula (|9.79|) . Similarly as in Lemma we can rewrite 
the action of T>~ in terms of generating function Ty 2 (z) as 

T? /2 (z) = - E (: ^ k (z)d:r' k (z) : + : d n z ^\-z)^ k {-z) :) 



fc=i 



+a n /z" fc - n - i . (9.81) 

Given A = (mi, . . . , mi) G S(C), where m x > . . . > mj > mj +1 = ■ ■ ■ = mi = 0, 
let e(A) be the set of exponents m^ (k = with multiplicity 1 and the 

exponent with multiplicity I — j. 
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Theorem 9.2 Sp(2l) and T> form a dual pair on . Furthermore we have 
the following (Sp(2l),T>~) -module decomposition: 

F® 1 = I x = V(Sp(2l);\)®L(v-;e(\),l). 
ags(c) AeE(c) 

Proof. Since the actions of Sp(2l) commutes with Cqo, the action of Sp(2l) com- 
mutes with the action of T>~ given by formula fl9.81| ) by Proposition |5.4| . So the 
decomposition of the Fock space into isotypic subspaces with respect to the dual 
pair (Sp(2l), c^) can be regarded as decomposition with respect to the dual pair 
(Sp(2l),T>~) as well. By Theorem |6.1| each isotypic subspace is irreducible under 
the joint action of Sp(2l) and T>~ . By Proposition O and Theorem |9.1| the highest 



weight of the representation I\ with respect to V is given as follows. 

(/ — j) + J2l=i cosh(mfcx) /cosh(x/2) 



2sinh(x/2) 2sinh(a;/2) 



□ 



II. Case Z = Z: dual pair (Pin(21),P") 

In this case the horizontal subalgebra of $1^(21) spanned by the operators 
e w ,e",e™, (p, q = 1, •••,/) is isomorphic to Lie algebra so(2Z). In particular, 
the operators e^ q (p,q = 1, • • - l) form a subalgebra in the horizontal so(2Z). 
We identify the Borel subalgebra b(so(2/)) with the one spanned by (p < 
?)) e *l; Q — 1) ' ' ' J- The action of so(2/) can be lifted to Pin(2T) on J 7 ® 1 . 
Recall that Pin(2l) (resp. Spin(2l)) is the double covering group of 0(21) (resp. 
SO(2l)). 

Denote 1/ = (1, 1, . . . , 1) G Z l and 1/ = (1, 1, ... , 1, -1) G I 1 . An irreducible 
representation of Spin(2l) which does not factor to SO(2l) is an irreducible repre- 
sentation of so(2/) given by its highest weight 

X= -li + (m 1 ,m 2 ,...,mi) (9.82) 

or 

A= ^I/ + (mi,m 2 , ...,-mi) (9.83) 

where mi > . . . > mi > 0, m 8 G Z. A representation of Pin(2l) induced from 
A of Spin{2l) of the form ( p.82|) is decomposed into a sum of two irreducible 



Spm(20-modules of highest weights ( ggp and (|9~83|) . We use A = + 



(m 1 ,m 2 , . . . ,mi),mi > to denote this irreducible representation of Pin{2l). De- 
note 

E(Pin) = {-\li\ + (m 1 ,m 2 ,...,mi),m 1 > . . . > m t > 0, m 8 G Z}. (9.84) 
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Let 



-, -t)z l w 3 



£ (E id - i I)" '/- 
«ez (9.85) 
= Ei=i (: i>+< k {z)>i])- k {w) : - : 4> + > k {-w)^-' k {-z) :) . 

It is known | W2 | that the operators — (—l) t+ ^E-j t -i(i,j G z) span with 
central charge I and Pin(2l) and form a dual pair on J 7 ® 1 . We define a map 
A ab from S(Pm) to &ooq by sending A = (mi, . . . ,m~i) to 



A ab (A) = (2Z-2jfA + £ 6 A mi 



fe=i 



if mi > . . . > rrij > m J+ i = . . . = mi = 0. 

We need to quote the following theorem from | W2 

Theorem 9.3 We have the following (Pin(2l),b 00 ) -module decomposition: 
F® 1 = V(Ptn(2l);X)^L(b 00 ;A" b (X),l) 

where V(Pin(2l); A) is the irreducible Pin(2l) -module parametrized by A G S(Pin), 
and L (boo] A Db (A), I) is the irreducible highest weight b^-module of highest weight 
A ab (A) and central charge I. 

Note that V~ acts on T® 1 via the composition of the homomorphism (j>o and 
the action of b^ given by ( |9.85| ). We can rewrite the action of T>~ in terms of 
generating function T n (z) (n G 2Z + + 1) as 

1 

T n (z) = - (: i> + ' k (z)d n z i)-' k (z) : - : d^ + ' k (-z)i;~' k (-z) :) . 

k=l 

Given A = (mi, . . . ,m/) G S(Pm), where 

mi > . . . > mj > rrij+x — ... — mi — 0, 

let e(A) be the set of exponents m^ + 1/2 (k = 1, . . . , j) with multiplicity 1. The fol- 
lowing theorem can be proved in the same way as Theorem based on Theorem 
Q| and Proposition pO. 



Theorem 9.4 Pin(2l) andT> form a dual pair on J 7 ® 1 . More explicitly we have 
the following (Pin(2l),T>~) -module decomposition: 

F® 1 = V(Pin(2l);\)®L(v-;e(\),l 
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10 FFR's of QHWM's over T>~ with c e n - 1/2 

In this section we will realize certain primitive ©"-modules with positive half- 
integral central charges in some Fock spaces. 

I. Case Z = | + Z: dual pair (osp(l, 21), P ) 

We need a bosonic field x( z ) — Y, ne ± + zXn z ~ n ~^ which satisfies the following 
commutation relations: 

[Xm, Xn] = (-l) m+ 2 5 OT _ n , m, n e - + Z. 

Denote by JF®~5 the Fock space of x{ z ) generated by a vacuum vector which is 
annihilated by Xm n £ \ + z +- Let be the tensor product of the Fock space 

of I pairs of fermionic fields %fj ±,k {z) (k = and the Fock space F®-~2 of 

X(z). 

It is known ||FF|| that the Fourier components of the following "twisted" gener- 



ating functions together with ( |9.76|) , ( |9.77|) and (|9.78|) 





= EC(n)^ 1 =: 


x(*)x(- 




#{z) 


= £ e p (n)z- n - 1 = 


: i,-*(z] 






nez 






el{z) 


= Y.^)z- n - l = 

nez 


: V + ' p (^ 


X(z) 



generate a representation of the affine superalgebra g[^(l, 21) of type A^(0, 21 — 1) 
Kl|| with central charge 1. Denote 



eP = e p (0 ), 6 p = eP(o), ee e«(0), ef = ef (0), eg = eg(0), p, g = 1, • • • , l 

The horizontal subalgebra in qv- 2 '(1, 21) spanned by the operators e p , ef, e pq , e pq , eg, 
(p, q — 1, • • • , I) is isomorphic to Lie superalgebra osp(l, 2/). We identify the Borel 
subalgebra b(osp(l, 2/)) with the one generated by eg, eg (p < q), p, q = 1, • • • , I. 
Let 



Wez (10.86) 
= EUi ( : V^'W^N : + : ^ + ' fc (-^)^-' fc (-^) :) + : x(z)x(-«0 = 

It is shown in |[W2|| that Eij — (— G Z) span Cqo with central 
charge Z — | and (osp(l, 2Z), c^) form a dual pair on l ~2 . 
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Finite dimensional irreducible representations of osp(l,2/) are parametrized by 



the highest weights [Kl 



~E(Osp) = {(mi, 777.2, • • • j m i) | m i > m 2 > • • • > m i > 0, rrii G Z}. 
Define a map A ospc from Y>(Osp) to Cooq by sending A = (mi, . . . , mi) to 

A^(A) = (/-j-l/2) c A + ]r c A mfc , 

fc=i 

if iri! > . . . > mj > mj + i = . . . = mi = 0. We quote the following theorem from 
W2J. 



Theorem 10.1 We have the following (osp(l, 21), c^-module decomposition: 
= V{o S p{l, 21); A) ® L ( Coo ; A ospc (A), / - 1/2) 

where V(osp(l, 21); A) zs t/ie irreducible module of osp(l, 2/) parametrized by A G 
S(Osp) ; an<i L (cqo; A ospc (A), / — 1/2) zs i/ie irreducible highest weight c^-module 
of highest weight A 0Spc (A) and central charge 1 — 1/2. 

Note that acts on J 7 ®' via the the composition of homomorphism <pi/2 and 
the action of given by ( |10.86| ). We can rewrite the action of T>~ in terms of 



generating function T^ 2 (z) (n G 2Z + + 1) as 



T? /2 (z) = - E ( : ^ : - : 9> + ' fc (-^)^-' fc (-^) :) 



fc=i 



- : X(*)3?X(-*) : • 

Given A = (m l5 m 2 , . . . , mi) G H(Osp), where m\ > . . . > mj > mj + i = . . . = 
mi = 0, let e(A) be the set of exponents m k {k = 1, . . . , j) with multiplicity 1 and 
the exponent with multiplicity I — j — The following duality theorem can be 
proved in a similar way as Theorem |9]^, based on Theorem |10.1| and Proposition 



Theorem 10.2 osp(l,2Z) and D form a dual pair on F® 1 2. Furthermore we 
have the following (osp(l, 2/), T>~)-module decomposition: 

F®H= V(o S p(l,2l);\)®L(v-;e(\),l-l/2 

AeS(Osp) 



II. Case Z = Z: dual pair (Spin(21 + 1),V~) 
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Recall that a fermionic field <p(z) = J^nezVnZ n which satisfy the following 
commutation relations: 



[<fm, <Pr. 



■i) m Sr, 



m,n G Z. 



In this case the Fock space is the tensor product of the Fock space of / pairs 

of fermionic fields ip ±,k (z), k — 1, . . . , I and the Fock space 2 of (p(z) generated 
by a vacuum vector which is annihilated by (p m , m G N. 

The Fourier components of the following generating functions together with 
(CT) , ( 15771) and (P75D 



77(2;) 






nGZ 


e*(*) 


= E eP H ; 








= E e *H ; 



span an affine algebra of type a!% on ^ 7 ® z +2. The horizontal subalgebra of A$ 
is isomorphic to so(2Z + 1). The action of so(2Z + 1) can be lifted to an action of 
Spin(2l + 1) on It is well known that an irreducible representation of 

Spin(2l + 1) which does not factor to SO (21 + 1) is an irreducible representation 
of so(2l + 1) parametrized by its highest weight 



A = -h + (m 1 ,m 2 , 



Denote 

E(PB) 

Let 



-li + (mi, m 2 , 



. ™>l), m l > ■ ■ ■ > TTLi > 0. 



. mi) |mi>...>m i >0,m i GZ 



(10.87) 



E (3u 



1 )'•'/:' ; . i)z*W 7 



Ei=i (: ^ + ' k (z)^~' k (w) : + : ^ k (-w)^'^ k (-z) :) + : tp{z)tp{-w) : 



10.88) 



The Fock space JF® '+2 splits into a sum of two subspaces JF® 1+2 and JF® ' +2 , 

where J^® 1+ 2 consists all even vectors while .F® /+2 consists all odd vectors accord- 
ing to the Z 2 gradation on the vector superspace 

jr(g>i+i. T he action of so(2/ + 1) 
can be lifted to Spin(2l) on J^® 1+2 an d JF®' +2 . Spin(2l) and &oo form a dual 



pair on jr®^ and jr®'+3 ^ 
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Note that T>~ acts on jF®' + 5 via the composition of the homomorphism 0o 
and the action of given by ( |10.88| ). We can rewrite the action of T>~ in terms 
of generating function T n (z) (n G 2Z + + 1) as 

l 

T n (z) = - E ( : ii + ' k (z)dy-' k (z) : +(-1)" : d^ + >\-z)ij-> k (-z) :) 
fc=i 

-(-1)™ : <p{z)%<p{-z) : . 

Given A = \li + (mi, m 2 , . . . , mi) G S(P5), where 

> . . . > mj > m J+ i = . . . = mi = 0, 

let V(Spin(2l + l); A) be the irreducible Spm(2Z+i)-module parametrized by A and 
let e(A) be the set of exponents m^ + 1/2 (k — 1, . . . ,j) with multiplicity 1 (as in 
Section ^|). The following duality theorem on the commuting actions of Pin(2l) and 
V~ follows from a corresponding duality theorem of a dual pair (Spin(2l + 1), 600) 
in [|W2|| and similar argument as in Theorem |9.2| . 

Theorem 10.3 We have the following (Spin(2l + 1), T>~)-module decomposition: 
F? l+ ~ 2 = V(Spin(2l + l);\)®L(v-;e(\),l + l/2) 

= V(Spin(2l + iy,X)®L(v-;e{\),l + l/2). 

AeS(PB) 



11 FFR's of QHWM's over V + with c e n 

Let us take a pair of fermionic fields 

^(2) = ^^-""^ Z = - + 2or Z. 

In the case Z = 5 + Z the anti-commutation relations among ip^ is equivalent to 
the following operator product expansions (OPE) 

(z)i/;~ (w) ~ , if) + (z)tp + (w) ~ 0, ip~ (z)tp~ (w) ~ 0. 

z — w 

Take / pairs of fermionic fields, %l) ±,p (z) (p = 1, . . . ,1) and consider the corre- 
sponding Fock space JF®'. Introduce the following generating functions 

1 

E(z,w) = EifJ-^w-i = ■ *P + ' p (z)4>-' p (w) : (11.89) 

jj'GZ p=l 
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e pq (z) 


- E 


e pq 


ft 






n€Z 










- E 


eg 


X 


z -n-l+2e 




nGZ 








el q {z) 


- E 




ft 


z ~n-l+2e 




nGZ 









--:i)-' p {z)i)-' q {z) : (p^q) (11.90) 
=: ij + ' p (z)^ + ' q (z) : (p^g) (11.91) 
=: ,/> + *(z)if>->«(z) : +<5 M e (11.92) 



where p, q = 1, . . . , I, and the normal ordering :: means that the operators annihi- 
lating |0) are moved to the right and multiplied by —1. 

It is well known |KP|| that the operators e pq (n), e pq (n), e p l(n), p, q — 1, . . . , I, 
nGZ form a representation of the affine algebra sd(2l) of level 1. The operators 
e pq (0), e pq (0), e pq (0) (p, q = 1, • • • , I) form the horizonal subalgebra so(2Z) in ?o(2l). 
We identify the Borel subalgebra b(so(2/)) with the one generated by e pq (p ^ 
q),e pq (p < q),p,q = 1, • • 

From now on we need to treat the two cases Z = | + Z or Z separately. First 
consider the case Z = ~ + Z. It follows from (|11.89 ) that 



E " E 1 _ j ^ i )z i - 1 w^ 



Ei=i( : ^ +,fc (-2)^"' fc H : - : ^ + > k {w)^-> k {z) :). 



11.93) 



One can show that — Ei-j^-i (i,j G Z) span d^. The action of the horizontal 
subalgebra so (2/) can be integrated into an action of SO (21) and extended to an 
action of 0(21) naturally. It is known [W2| that the action of d^ commutes with 
the action of 0(21) on JF® ' and moreover and 0(21) form a dual pairQ by the 
same argument as in finite dimensional dual pairs case [|ETT| , |H2|| . 

We define a map A 00 : £(D) — > c^q by sending A = (mi, • • • ,rni) (mi > 0) to 



A 00 (A) = (l- i) d A + (l- i) d A x + d A 

k=l 

sending (mi, • • • , rrij, 0, . . . , 0) (j < I) to 

A DD (A) = (2l-i- j) d A + (j - i) d A x + J2 "A mfe , 

k=l 

and sending (mi, . . . , rrij, 0, . . . , 0) det (j < I) to 

A DD (A) = (j - r) d A + (2l-i- j)% + £ d A mk , 

k=l 



if mi > . . . 77ij > m i+1 



rrij = 1 > rrij + i 



mi = 0. 



The following theorem was proved in [ W2 |. 



L This fact was also known to V. Kac and C. Yan. 
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Theorem 11.1 We have the following (0(2/), doo) -module decomposition: 
?® l = V(0(2l);X)^L(d oo] A"\X),l) 

AGS(D) 

where V(0(2l); A) is the irreducible 0(2l)-module parametrized by A G S(/}) and 
L ((ioo; A D£| (A), I) is the irreducible highest weight doo-module of highest weight A 05 (A) 
and central charge I. 

We can obtain the action of T> + on F® 1 by composing the action of d^ and the 
homomorphism <j) given by the formula (|5.45|) . Introduce the generating function 

W n (z) = J2 Wlz~ k - n - x {n G 2Z+ + 1). (11.94) 

fcez 

Lemma 11.1 On J 7 ® 1 we have 

1 ' 

W n (z) = - d^-' k {z)ip + ' k (z) : + : d%ip + > k {z)ip-> k (z) :). (11.95) 

2 fc=i 



Proof. We calculate W n (z) as follows. 



~ £([-i]»-[7-*-i] 

fcjez 



)Ej- k)j z 



-k—n—l 



-o E [-i]n(-Ey-fcj 
fcjez 



Si. 



-j.fc-j+ijz 



— fc— n— 1 



11.96) 
11.97) 



= 2^(- : ^ + ' W^): + :?rOT):). (H-98) 
fc=i 

Here ( 11.96 ) is given by fllCTD and ( gT45|) , ( pT97p is obtained by shifting the 
indices from j — k — 1 to j in the second part of the right hand side of ( 11.96j) , and 
( 11.98|) is obtained by taking n-th derivatives of (|11.93|) with respect to w. It is 
clear that ( |11.98| ) is the same as (|11 .95 ) . □ 

For A = (mi, ■ ■ • , m~i) G where mi > . . . > > m i+ i — . . . — mi — 1, 

we let e(A) be the set of exponents m^ (k = 1, . . . ,i) with multiplicity 1 and the 
exponent 1 with multiplicity I — i; for A = (mi, • • • , mi) G £(-D) where 



m-i > . . . ra» > m i+ i 



m 3 



1 > m 7+ i 



m t = (j < /), 



we let e(A) be the set of exponents m^ (k — 1, . . . , i) of multiplicity 1, exponent 1 
of multiplicity j — i; for (mi, ■ ■ • , m;) ® det G S(D) where 



mi > ... mi > m i+ i 



rrij 



1 > m, + i 



mi = (j < /), 



we let e(A) be the set of exponents m^ (& = 1, . . . , i) of multiplicity 1, exponent 1 
of multiplicity 21 — i — j. We will simply write (0, • • • , 0) and (0, • • • , 0) det as 
and det respectively. 
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Theorem 11.2 0(21) and T> + form a dual pair on T® 1 . Moreover we have the 
following (O (21), V + ) -module decomposition: 

?®i= V(0(2l);\)®L(v + ;e(X),l). (11.99) 

A6E(D) 



Proof. By Theore m |Q| the cioo-module L (d^; A 5D (A), I) regarded as a £> + -module 
via the pullback by <p remains irreducible. Then this theorem follows from Theo- 
11.1| once we determine the corresponding A(x) for this P + -module. It follows 



rem 



from the definition of A DD (A) by using Proposition |6.6| that for A = (mi, • • • , mi) G 
E(D) where mi > . . . > mj > m i+ i — ... — mi — 1, 

Jt, cosh(mfcx) + (I — i) coshx + \((l — i) — (I — i)) I 
A(x) = ^ 



, 2sinh(a;/2) 2sinh(x/2)' 

The computations of A(x) for the remaining A G £(-D) are similar. □ 
We have an immediate corollary. 

Corollary 11.1 The space of invariants of 0(21) in the Fock space is nat- 

urally isomorphic to the irreducible module L(d OQ ;2l d A ) of central charge I with 
highest weight vector \0), or equivalently to the irreducible module L (v + ; e(0), Ij . 



Remark 11.1 The Dynkin diagram of d^ admits an automorphism of order 2 
denoted by a. a induces naturally an automorphism of order 2 of d^, which is 
denoted again by o by abuse of notation, a acts on the set of highest weights of 
4o by mapping A = d h d A + d h d A x + J2i> 2 d hi d h to a(\) = d h 1 d A + 
d h Ai + J2i>2 d hi ^i- I n this way one can obtain an irreducible module of the 
semi-product a k d ro on L(d 00 ;\)@L(d 00 ;a(\)) if a(X) ^ A and on L(doo; A) if 
a(A) = A. 

It was noted in [W2| that (5*0(2/), o k d^) form a dual pair on T® 1 . In 



particular the space of invariants of J 7 ® 1 under the action fo SO (21) is isomorphic 
to the doo-module L(d 00 ; 2Z d A ) L(d oc ; 21 d Ai) or equivalently the £> + -module 
L (V+; e(0), l) © L (v+; e(det), l) . 



Now we consider the case Z = Z. It follows from (|11.89|) that 



)z w 



-j 



ij6Z (11.100) 

ELi( : ip + ' k (z)ip-' k (w) : - : 4) + > k (w)4)~> k (z) :). 

One can show that — E\-j } \-i (i,j G Z) span boo. The action of the horizontal 
subalgebra so(2Z) can be integrated into an action of Spin(2l) (cf. e.g. [ [BtD|| for 
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more on spin groups) and then extended naturally to Pin(2l). Pin(2l) and b c 
form a dual pair on 



We define a map A Db from E(Pin) (see (|9.84 ) for notation) to fr^o by sending 
A = (mi, . . . , m~i), mi > rri2 > . . . > mi > 

to 

A 0b (A) = (2/-2j) fe A + E 6 A 



fc=i 



if mi > . . . m.j > mj + i = . . . = mi = 0. 

The following theorem was proved in ||W2||. 



Theorem 11.3 We have the following (Pin(2l),b 0O ) -module decomposition: 
f® l = V(Ptn(2l);X)®L(b oo] A" b (X),l) 

AeS(Pm) 

where V(Pin(2l); A) is the irreducible Pin(2l) -module parametrized by A G E(Pm), 
and L ^6oo; A 5tl (A), Zj zs i/ie irreducible highest weight b^-module of highest weight 
A ab (A) and central charge I. 

We define the action of T> + on J 7 ® 1 by the composition of the action of 
and the homomorphism 0_i/2 given by (|5.45|) . It follows that the action of Pin(2l) 
commutes with that of T> + . Introduce the following generating function 

W? /2 (z) = Y,W^ /2 z- k - n (11.101) 

fcez 

It follows from Proposition K72] that the representation of T> + on 1 has central 



charge I and 

J_i /2 (e zD - e" xD ) = 0_i /2 (e^ - e~ xD ) - Ztanh(x/4). (11.102) 

Therefore 

0-1/2 W' 1/2 ) = 0-1/2 «' 1/2 ) - 

for some constant a n determined by (|11.102| ) depending on n only. Similarly as in 
Lemma [TO] one can recast the action of T> + in terms of Wu 2 (z) as 

W? /2 {z) 

= |ELi ( : d n ^-' k {z)^ k {z) : + : d n ^ + ' k {z)4)-*{z) :) - ajr". ( 1L103 ) 

Given A = (mi, . . . , mj) G E(Pm) where mi > m 2 > . . . > mi > 0, we let e(A) 
be the set of exponents m^ + | (k — 1, . . . , j) of multiplicity 1 and exponent | of 
multiplicity I — j. 

The proof of the following theorem is obtained in an analogous way as for 
Theorem |11.2| by using Theorems |6.1| , |11.3| and Proposition p.7| . 
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Theorem 11.4 We have the following (Pin(2l) ,T> + ) -module decomposition: 

V(Pin(2l);\)®L(p + ;e(\),l). 

AeS(Pin) 

12 FFR's of QHWM's over V + with c e \ + z + 

Introduce a neutral fermionic field (f)(z) = Y,n&z 4>n z ~ n ~^ +t which satisfies the fol- 
lowing commutation relations: 

[0m, 0n]+ = 5m,-n, m, n G Z. 

Denote by JF®5 the Fock space of <f)(z) generated by a vacuum vector |0), which 
is annihilated by 4> n ,n G Z + . Denote by F® l+ 2 the Z 2 -graded tensor product of 
JF® h and the Fock space .F®' of/ pairs of fermionic fields -0 ±,fe (z)(fc = 1, . . . , I). 
Denote by 



e p (z) = J2e p (n)z- n ~ 1+2e = : ^-' p (z)(j)(z) : 

e P(z) = J2e P M^ n ~ l+2e = :^ p (z)(f>(z): (p = l,...,l). (12.104) 
Then the Fourier components of e p (z),e p (z), together with generating functions 



1L90T) , ([TT79T1) and ( pT92|) 



eM(n), eM(n)(p^g), eS(n)(p^g), eP(n),eS(n) (n G Z, p, g = 1, . . . , I) 
generate an affine algebra so(2Z + 1) of level 1 IPJ, |KPJ. e pq {0) (p + q), eg(0) (p ^ 



g), e^(0), e p (0), e£(0) (p, q — 1, . . . , i) generate the horizontal subalgebra so(2Z + 1) 
of so (2/ + 1). In particular, we identify the Borel subalgebra b(so(2Z + 1)) with the 
one generated by eg(0)(p ^ g),ef (0)(p < g), e p (0),p,q = 1, • ■ ■ , I. 

From now on we need to consider the two cases Z = | + Z and Z separately. 

First consider the case Z = | + Z. Introduce a generating function 

= Ei=i(: ^ +,fc W^"' fc H : - : ^ + ' fc (w)^-' fc (z) 0+ : <f>(z)(f>(w) : . 

One can show that this defines an action of on jF® i+ 5 with central charge 
Z + |. The action of the horizontal subalgebra so (2/ + 1) can be lifted to an action 
of 0(21 + 1). The action of 0(21 + 1) commutes with that of generated by 
Ea - (i,j G Z) on F® 1+1 2. 

Define a map A ba from Ti(B) to d^ by sending 



A = (mi,m 2 , ...,mi) 



classical Lie sub algebras of Wi +00 61 



to 

and sending 
to 



k=l 



A *« = (21 + i _ i _ + (j - iflx + " A 

A = (m 1? m 2 , . . . , m;) (^) cZet 
A bD = (j - z) rf A Q + (21 + 1 - i - jfh + £ d A 



k=l 



assuming that 

™>i > ■ ■ ■ > rrii > rrii+i = . . . = rrij = 1 > mj+i = . . . = mi = 0. 
The following theorem is quoted from |[W2|| . 
Theorem 12.1 We have the following (0(21 + 1) , doo) -module decomposition: 

jr®i+\= V(O(2l + iy,X)0L(d OD ;A^(X),l+l/2) 

xes(B) 

where V (0(21 + 1); A) is the irreducible O (21 + 1) -module parametrized by A £ £(-B) 
and L (doo; A faD (A), 1 + 1/2) is the irreducible highest weight d^-module with highest 
weight A b0 (A) and central charge 1 + 1/2. 

The action of V + on is given by the composition of the action of d^ on 

F® l +2 and the homomorphism O - Similarly as in Lemma |11.1| we can show that 

W n (z) = 

|EUi ( : d^-' k (z)iP+> k (z) : + : d^ + ' k (z)^~' k (z) :) + \ : d^{z)(j)(zf} 2A °^ 

For A = (mi,m2,...,mi) £ we let e(A) be the set of exponents rrik (k = 

1, . . . , i) of multiplicity 1, the exponent 1 of multiplicity j — i (the exponent has 
multiplicity I — j + ~); and for A = (mi, mi, ■ ■ ■ , m;) det we let e(A) be the set 
of exponents (k = l,...,i) of multiplicity 1, the exponent 1 of multiplicity 
21 + 1 — i — j (the exponent has multiplicity —l+j— 5), where 

mi > . . . > mj > = . . . = rrij = 1 > m, +1 = . . . = m; = 0. 

The following theorem can be proved in an analogous way as Theorem |11.2| by 
using Theorems p.l[ p.2.1| and Proposition 



Theorem 12.2 We have the following (0(21 + 1),T> + ) -module decomposition: 
F® l +h= V(0(2l + l);\)®L(V+;e(\),l + l/2). 

AeE(B) 



62 



V. G. Kac, W. Wang and C. H. Yan 



The following corollary is immediate. 

Corollary 12.1 The space of invariants of 0(21 + 1) in jF® i+ 5 is naturally iso- 
morphic to the irreducible d^-module L(d tX) ; (21 + 1) A ) or equivalently to the 
irreducible T> + -module L (p+;e(0),/ + l/2). 



Remark 12.1 (5*0(2/ + 1), a k d^) form a dual pair on JF® i+ 2 . In particular the 
space of invariants of jF® /+ 2 with respect to SO (21 + 1) is isomorphic to the doo- 
module L(ci 00 ; (21 + 1) d A ) L^; (2/ + 1) d A\) or equivalently the P+-module 
L(V+; e(0), Z + 1/2) 0L(P+; e(det), I + 1/2). 

Now we consider the case Z = Z. Introduce the following generating function 



2 w 



ELl ( : ^(^V^O) : - : 4> + > k (w)4)-> k (z) :) + : (j)(z)(j)(w) : 



This defines a representation of boo on JF®^ of central charge Z + 1/2. 

The Fock space JF® splits into a sum of two subspaces JF® ' +2 and JF® 1+2 , 

where p® l+2 consists all even vectors while .F® /+2 consists all odd vectors accord- 
ing to the Z2 gradation on the vector superspace The action of so(2/ + 1) 

can be lifted to Spin(2l) on jf®' +2 and JF®' +2 respectively. Spin(2l) and 

form a dual pair on !F® l+ 2 and l+ 2 |W2f . 

Define a map A bb from H(PB) to fe^g by sending A = ( m i, m 2, • • • , w&z) to 

A"(A) = (2/ + l-2j) fe A + E^ 



>-m k 

k=l 



if mi > . . . > rrij > nij + i = . . . = mi = 0. 

The following theorem was proved in ||W2 |. 

Theorem 12.3 We have the following (Spin(2l + 1), boo)-module decomposition: 
J& 1+ * = V(Spin(2l + iy,\)®L(boo;A bb (\),l + l 
f® l+ ~ 2 = V(Sptn(2l + l);X)(g)L(bo ;A bb (X),l + l 



where V(0(2l + 1); A) is the irreducible Spin(2l + 1) -module parametrized by A = 
-1/ + (mi, m 2 , . . . , m/) and L (boo] A bb (X), I + ~) zs £/ie irreducible highest weight 
boo-module with central charge I + §. 
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Now the action of T> + on J^® 1+2 anc l jF®' +2 can be obtained by the compo- 
sition of the action of and the homomorphism (j)-\/2 given by Q5.45D - In terms 
of W™, 2 {z) = J2kez W^ 1 ^ 2 z~ k ~ n we obtain in an anagolous way as in (|1 1.1031) that 



W? /2 (z) = \ £ dy-' k (z)^ k (z) : + : dy + ' k (z)^ k (z) :) 

+\ ■ 9 n z mm ■ -ocnii + imz- n . 

For A = \li + (mi, m 2 , . . . , m{) G Y>(PB) where 

mi > . . . > rrij > rrij + i = . . . = mi = 0, 

we let e(A) be the set of exponents m k + | (k = 1, . . . , j) of multiplicity 1 and 
the exponent | of multiplicity I + 1/2 — j. The following theorem can be proved 
in an analogous way as Theorem 11. 2\ by using instead Theorems |6.1| , pL2. 3j and 



Proposition FT7 



Theorem 12.4 We have the following (Spin(2l + 1), T> + ) -module decomposition: 
= V{Spin{2l + l);X)^L(v + ] e{X),l + l-) 
T9 1 ^ = V(Spin(2l + l);\)®L(v + ;e(\),l + ^) . 



AeS(PB) 



13 FFR's of QHWM's over V + with c £ —\ 



n 



13.1 Case c G — n 

Let us take a pair of bosonic ghost fields 



7 ± («)= E 7^-^. 



Equivalently we have the following operator product expansions 

■y + (z)j~ (w) ~ — - — , / y + (z)'y + (w) ~ 0, ^~ (z)^f~ (w) ~ 0. 
z — w 

We take / pairs of bosonic ghost fields ^ ±,p (z) (p = 1, . . . , I) and consider the 
corresponding Fock space 
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Introduce the following generating functions 

i 

E(z, w) = EijZ^w- 1 = - ■ l + ' p (z)j~' P M : (13.106) 

ij'6Z p=l 



e 



"fz) ee £ eg(Ti)^ 1 =: 7 + ' p (z)7 +,9 (*) : (p^) 



** 



1,3 & 



e pq (z) ee ^eWfnjz-"-^^-^^-^^: (p ^ ? ) (13.107) 



>,3 1 



efW ee 53 ef (n)*""" 1 =: 7 + ' p (^7^W : (p,g=l,...,0 

where the normal ordering :: means that the operators annihilating |0) are moved 
to the right. 

It is well known that the operators Ey (i, j G Z) form a representation in J 1 ® ~ l 
of the Lie algebra gi with central charge —I; the operators 

e p «(n),e™(n),e™(n) (p,g = !,...,/, n e z) 



form an affine algebra sp(2Z) with central charge —1 |[FF |. The operators e P9 (0), 
e * 9 (0), e^(0) (p, q = 1, •••/) span the horizontal subalgebra sp(2/) in sp(2/). In 
particular, operators e^ q (p, q = 1, ■ ■ ■ I) form a Lie subalgebra in the horizontal 
subalgebra sp(2i). We identify the Borel subalgebra b(sp(2/)) with the one generated 
by e^1(0),e pq (0)(p < q), p, q = 1, • • • , I. The action of the horizontal subalgebra 
sp(2Z) can be lifted to an action of Lie group Sp{2l) on 
It follows from ( |13.106| ) that 

J2 (E i3 - - E 1 ^ i )z i - 1 w~ j = £(: 7 + ' p (^)7"' P (^) : - : 7 + ' P W7~' P M 0- 
ijez p=i 

The operators E i3 - — E\_^x-i (hj e z ) span the Lie algebra with central charge 
—I. The actions of Sp(2t) and of on JF® ~' commutes with each other and form a 
dual pair. We now define a map A cD from S(C) to (ioog which maps A = (mi, . . . , mi) 
to 

i 

A c0 (A) = (-2/ - mi - m 2 ) d A + £(m fc - m fc+ i) d A fc 

fc=i 

with the convention mi + % = here and below. The following theorem was proved 
in |]W2| . 

Theorem 13.1 We have the following (Sp(2l),d 00 ) -module decomposition: 

^®-'= V(Sp(2l);\)(E)L(d 00 ;A^(\),-l) 
ags(c) 

where V(Sp(2l); A) zs i/ie irreducible highest weight Sp{2l)-module of highest weight 
A and L (g^; A cD (A), — /) £/ie irreducible highest weight d^-module of highest weight 
A cD (A) and central charge —I. 
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The action of V + onj®-' is given by the composition of the action of and 
the homomorphism 0_i/2- A similar argument as in Lemma |1 1 . 1| shows that 

W n {z) = \ £ (: d^iz^iz) : - : i+*{z)d» s r*(*) :) . (13.108) 

Given A = (m 1? . . . , m{) G S(C), we let e(A) be the set of exponents k with multi- 
plicity m k — m k+ i {k = 1, . . . ,1) where mi +1 = (the exponent has multiplicity 
—I — mi). 

Theorem 13.2 We have the following (Sp(2l),T> + ) -module decomposition: 

r®- l = V(Sp(2l);\)®L(v + ;e(\),-l). 

Aes(C) 



Proof. By Theorem |6j] the doo-module L (d^; A cD (A), — /) regarded as a V + - 
module via the pullback by 0o remains irreducible. To prove the thereom it suffices 
to determine the corresponding A(x) for this D + -module. It follows from the 
definition of A cD (A) by using Proposition |6]6] that for A = (m 1; . . . , mi) £ S(C) 



A(x) 



T, l k =i( m k - m k+1 ) cosh(/ca;) + \{{-2l - m 1 - m 2 ) - (mi - m 2 )) - (-/) 

2sinh(a;/2) 

T,k=i( m k - mk+i) cosh(fcc) + (-1 - m x ) (-/) 



2sinh(a;/2) 2sinh(a;/2)' 

□ 

The following corollary is immediate. 

Corollary 13.1 The space of invariants of Sp(2l) in the Fock space IS 
naturally isomorphic to the irreducible module L^d^; — 2Z d A ) or equivalently to 
the irreducible V + -module L {T> + ; e(0), —I 



13.2 Case CG-N+ 1/2 

We denote by jF®~ /+ 5 the tensor product of the Fock space T®- 1 oil pairs of 
bosonic ghost fields and the Fock space JF® \ of a neutral fermionic field (f>(z). It is 
known |[FFj| that the Fourier components of the generating functions e pq (z), e pq (z), 



e^l(z) in (|13.1071) and the following generating functions 



e 



g^) = ^(n)z— 1 = : 7 + ^)^) : (p = 1, . . . , I) 
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span the affine superalgebra o5p(l, 2Z) of level —1. The operators e pq (0), e pq (0), 
e **(0); ^*(0) (P> 1 = 1> • • • > generate the horizontal subalgebra osp(l, 21) of 

the affine superalgebra asp(l,2/). We identify the Borel subalgebra b(osp(l,2/)) 
with the one generated by e pq (0)(p < q), e pq (0), (0), p, g = 1, • • • , /. Introduce the 
generating function 

E - 

• (13.109) 

= EU ( : 7 + ' fc W7"'» : - : 7 + '»7~' fc W :) + = : • 

This defines a representation of of central charge — I + | on jF®~' + 5. It is 
known [W2] the action of the horizontal subalgebra osp(l,2Z) commute with that 
of Lie algebra d^ on J r< S>~ l+ ^ . (osp(l, 21), d^) form a dual pair on JF® . 
We define a map A 05 ' 30 from E(osp) to by sending A = (mi, . . . , m/) to 

i 

A osp0 (A) = (-21 + 1 - mi - m 2 ) d A + EK ~ ™fc+i)"A fc . 

fc=i 

The following duality theorem was quoted from ||W2|| . 

Theorem 13.3 We have the following (osp(l, 21), d^) -module decomposition 
= V { 0S p{\, 21); A) <g> L A 05PD (A), -Z + 1/2) 

where V(osp(l, 2/); A) is the irreducible module of osp(l, 2l)(l, 21) of highest weight 
X, and L(d oo ;A 0Sp0 (\),—l + l/2) is the irreducible highest weight d^-module of 
highest weight A 05130 (A) and central charge —1 + 1/2. 

We define the action of T> + on jF®~ i+ i to be the composition of the action 
of doo and the homomorphism 0o given by (|5.45[) . In a similar way as obtaining 
(|13.108|) we have 

A k=i 

+\ : <Kz)%<Kz) : • (13.110) 

Then of course the action of the horizontal subalgebra osp(l, 21) commute with that 
of Lie algebra V + on JF® 

Given A = (m\, . . . ,mi) G E(Osp), we let e(A) be the set of exponents k 
of multiplicity — mk+i (k = 1, ...,/) where rrii + i = (the exponent has 
multiplicity —I — mi + ~). We obtain the following theorem in a similar way as 
Theorem |13.2| by using Theorems |6.1| , |13.3| , and Proposition KB . 
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Theorem 13.4 We have the following (osp(l, 21), V + )-module decomposition 
= F(o S p(l,2/);A)®L(P + ;e(A),-/ + l/2). 

AGS(Osp) 

The following corollary is immediate. 

Corollary 13.2 The space of invariants o/osp(l,2Z) in the Fock space i,$ 
naturally isomorphic to the irreducible module L^d^ {—21 + l) d A ) or equivalently 
to the irreducible T> + -module L (T> + ; 0, — I + 1/2 J . 



14 Vertex algebra associated to V 



+ 



14.1 Vertex algebra structure on the vacuum module of T> + 

In Example |3J] we have constructed the vacuum D + -modules M c and V c (c G C). 
We want to show that M c and V c carry a natural structure of a vertex algebra, cf. 

n flu m [K2i. 

Denote by |0) the highest weight vector of M c and V c . M c (resp. V c ) is spanned 
by the vectors 



W 



1 _ 1 10> , rii e 2z + + 1, ki e z. 



;i4.m) 



By the definition of M c the vector |0) is annihilated by V, namely W^|0) = 
for k + n > 0. Operators from V is often referred to as annihilation operators 
and the operators WJ} from T> + — V as creation operators. We have known that 
W\ = —t k (D + (k + l)/2) (k G Z) form the Virasoro algebra with central charge c 
when acting on M c or 14. Also it follows by a direct computation using ( 2.16 ) that 



or equivalently 



W\,W n (z) 



[n + k)W-_, 



d z W n (z) 



Denote T = W^. Define a linear map Y(-, z) : M c 



(14.112) 
(End M^z^z- 1 }} by 



Y{Wl n ^)^) = W n {z) (nG2Z + + l) 

and in general we associate to a vector a of the form ( |14.111| ) the following gener- 
ating function 

Y(a, z) =: d^ ] W n ^z) ■ ■ ■ d[ kl) W ni (z) : 

where denotes d k z jk\ and :: denotes the standard normal ordering from the 
right to left which moves the annihilators to the right. Clearly Y(a, z)\0) \ z= o= cl- 
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Proposition 14.1 (Vi,\0),T,Y(-, z)) is a vertex algebra isomorphic to the space 
of invariants of F® 1 for Z = | + Z with respect to 0(21). The generating fields 
W n (z) are given by formula (\11.94 )- 



By Corollary |11.1| , Vi and the space of invariants of J 7 ® 1 with respect to 0(21) 
are naturally isomorphic as P + -modules. Since J 7 ® 1 has a natural vertex algebra 
structure, the vertex algebra structure on Vi is ensured by the well-known fact that 
the space of invariants of an automorphism group of a vertex algebra is a vertex 
algebra. We will give a direct proof in Lemma |14.2| below that the generating fields 



W n (z) (n G 2Z + + 1) are closed under operator product expansions. 
Consider the case of 1 with Z = ~ + Z. Denote 



\S/ m > n (z) = ]T (: d m ij^ k (z)d n ij-' k (z) : + : d m ij-' k (z)d n ij + ' k (z) :) , m,n G Z + . 



i 

k=l 

Note the obvious symmetry ty m < n (z) = — ^> n < m (z). 



Lemma 14.1 ^> m > n (z) is a linear combination of d l W m+n l (z),0 < i < m + n and 
i = in + n — 1 mod 2. 

Proof. We prove by induction onm + n. When m + n = or 1, the statement is 
obvious. 

Assume that for m + n = 2k — 1 (k G N) the statement is true. Then by this 
induction assumption, d^/ 2k ^ 1 ~ m,m (z) (to = 0, . . . , k — 1) is a linear combination 
of aW 2 ^ 2 "^) (0 < % < 2k - 1 and i odd). Since 

Q-qj2k-l-m,m / \ _ -qj2k-m,m / \ _|_ x j / 2fc-l-rra,m+l / N 

it follows by a little algebra that the linear span of \fr 2k - m > m ( z )^ m = o, . . . , k — 1 is 
equal to the linear span of d^ 2k ~ 1 ~ m,m (z), m = 0, . . . , k — 1. This proves that the 
statement is true for m + n = 2k. 

Therefore it follows that d^/ 2k ~ m ' m (z),m — 0, . . . , k — 1 is a linear combination 
of aW 2t+1 "'(z) (0 < i < 2k + 1 and i even). Since 

Q^2k-m,m^ z ^ _ x j / 2fe+l-m,m^-j _|_ ^j2k+l-m,m 

by a little linear algebra it is easy to show that the linear span of ^ 2k + l - m ^ m ( z ) 
(to = 0, . . . , k) is equal to the linear span of 5\l/ 2 ' c_m ' m (2;) (to = 0, . . . , k — 1) and 
W 2k+1 (z). This proves that the statement is true for m + n = 2k + 1. □ 



Lemma 14.2 d l W : >(z),i G Z + , j G 2Z + + 1 are closed under the operator product 
expansions. 
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Proof. For the simplicity of notations, we first assume / = 1 and write ^(z) for 
ip ,x [z). By Wick's theorem, we have 

W m {z)W n {z) ~ \(: d™r{z)i> + {z): + :d^ + {z)r {*)■)■ 
(: d^-(w)iP + (w) : + : d^ + {w)^{w) :) 

~ \ ~ «0 -1 )) (: H : + = (*) W» :) 



(-l) m m! 



n! 

4(z - w) n+l 
(-l) m (m + n)! 
2(z - w )™+«+2 • 



By taking the Taylor expansions of i[> (z) an d d™ip (z) at z = w, we can easily 
see that all the fields appearing on the right hand side of the above OPE are linear 



combinations of ^/ m,n (z). Thus our lemma follows from Lemma 14.1. For the 



general case it is clear that the only modification in the final OPE formula 

above is that the central term should be mutiplied by I. □ 

The following corollary holds in the cases c = I (I e N) by the computation of 
OPE in Lemma |14.2| since the maximal order of poles at z = w appearing there 
is m + n + 2. Since the central term depends on the central charge c linearly, the 
corollary remains true for an arbitrary central charge. 

Corollary 14.1 For arbitrary central charge c we have as a formal power series 

{z - w ) m+n+2 [W m (z), W n {w)} = 0. 



Now the following theorem follows by a general argument in the theory of vertex 
algebras, cf. JL], Proposition 3.1 in |FKRW|| , or Theorem 4.5 in ||K2|| , since all the 
requirements there are satisfied (also cf. |GJ). 

Theorem 14.1 (M c , |0), T, Y(-, z)) and (V c , |0), T, Y(-, z)) are vertex algebras. 



The following proposition follows from Corollaries |12.1| , |13.1| , |13.2| and Theo- 
rem 114.1. 
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Proposition 14.2 1) (Vi+1/2, |0), u, Y(-, z)) is a vertex algebra isomorphic to 
the space of invariants of JF®' + ^ for Z = | + Z respect to 0(21 + 1). 



T/ie generating fields W n (z) are given by formula ( 12.105 ). 



2) (V-i, |0), uo, Y(-, z)) is a vertex algebra isomorphic to the space of invariants 



of JF® 1 with respect to Sp(2l). 
formula ([13.10%) . 



The generating fields W n (z) are given by 



3) (V-i + i/2, |0), lu, Y(-, z)) is a vertex algebra isomorphic to the space of invari- 
ants o/JF® _ ' + 5 with respect to osp(l,2/). The generating fields W n (z" 



are 



given by formula (\13.11Q) 



Corollary 14.2 The irreducible representations of T> + appearing in the decom- 
positions of Fock spaces are representations of 
the vertex algebra associated to T> + with central charges 1,1+1/2,-1 and —1 + 1/2 
respectively. 



Remark 14.1 It is interesting to compare some theorems in [DLM] by Dong-Li- 



Mason with our Theorems |11.2| , \12.2[ |13.2| and |13.4| in the framework of vertex 
algebras. Their results have the virtue of being general while the statements of our 
theorems are more powerful and precise thanks to being concrete. 



14.2 Vertex algebra V c for c £ |z and W algebras 

A particular important class of vertex algebras is the so-called W-algebras. One 
can associate a W-algebra Wg to an arbitrary complex simple Lie algebra g (see 
PS| , |FeF|| and references therein). In general such a W-algebra can be defined in 
terms of intersections of screening operators, cf. e.g. [|KeF|| . Denote by W(g/g, k) 
the W-algebra arising as the space of invariants of g in the vacuum module of the 
affine algebra g of level k, where g is the horizontal subalgebra of g. In the case 
when g is simply- laced of rank I, Wg with central charge I can be shown to be 



isomorphic to W(g/g, 1) cf. e.g. fB|, [F2|, pBSSj |I K1!\\ 



It is known ||F1| , [KP|| that the basic representation of so (2/) is isomorphic to 
the even part of the vector superspace T® 1 . From Remark |1 1 . 1| we see that 
the space of invariants of T® 1 with respect to SO (21) is isomorphic to the T> + - 
module L (v + ; 0, (p + ] e(det), Ij (see Section [TT]). The highest weight vector 

of L (v + ; e(det), Ij is given by n l k= i(ipt f^-i/z)^) \ \^'A \ which lies in the even part 

of J 1 ® 1 . Thus W(Dl 1) /D l , 1) is isomorphic to the space of invariants of 1 with 
respect to SO (21). In this way we have reached the following conclusion. 

Theorem 14.2 The W-algebra WT>i with central charge I is isomorphic to a sum 
of the vertex algebra V\ and the irreducible module L (v + ; e(det), Ij ofV\. 
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As in [ b'KKW , Theorem |14.2| implies the following corollary. 



Corollary 14.3 All positive primitive modules over T> + with a positive integral 
central charge I are irreducible modules over the vertex algebra V/. 

Remark 14.2 It is an important question to determine whether these positive 
primitive modules are all irreducible modules over the vertex algebra V/. 



Remark 14.3 Theorem |14.2| provides a new way to compute the g-character of 
WD i with central charge /: 



diqWVi = ch q L (p + - 0, /) + q l c\L (v + ; e{det), z) 

= clvL (doo, 21 d A ) +q l c\L(d^2l d Ax) . (14.113) 

Here q l accounts for the weight I of the highest weight vector rii=i (^—1/2^—1/2) 1^) °f 
L (v + ; e(det), l) in F® 1 . The g-character formulas of doo-modules L (doo, 2l d Aoj 

and L (doo, 21 d Aij can be read from the Appendix. A straightforward computation 
by using (|14.113|) yields 



<Ai g WD l 



n (i-o(i-^ 2 )M?)' 

where (p(q) = Ili>i(l — (f) an d ej = 2i — 1 (i = 1, • • • , I — 1), ei = I — 1 are the 
exponents of the simple Lie algebra so(2/). The same formula was earlier deduced 



111 



[K0| and [BS]. The character formula implies that WT>i with central charge / is 
freely generated by fields W l (z)(i = 1, 3, . . . , 21 — 3) of conformal weights i + 1 and 
the field Yl\ =1 '■ il) +,k (z)il)~' k (z) : of conformal weight I corresponding to the vector 

nU(^iV-va)l°>- 



Remark 14.4 Combining Corollary |11.1| with Theorem |14.2| , we obtain another 
dual pair (SO(2l), WT>i) on the Fock space T® 1 . When restricting to the even 
part of T® 1 which is isomorphic to the basic representation of sb(2l), we recover 



a duality theorem of I. Frenkel [F2|. Since the language of vertex algebras was 
not available at the time of |]F2 | , WT>i was replaced by the Lie algebra of Fourier 
components of fields in WTV 

The even part of the fermionic Fock space J^® 1+ ^ for Z = | + Z is isomorphic 
to the basic representation of so(2Z + 1) ||F1| , |KP|| . According to Corollary |12.1| , 
the space of invariants of jF®' + 5 with respect to SO {21 + 1) is isomorphic to the 
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P+-module L(V + ; 0, I + 1/2) ®L(D + ; e(det), I + 1/2). The highest weight vector 
of L(V+;e(det), I + 1/2) in^'+i is nLi(V>S/ 2 VQ/ 2 ) 0-1/2 10), cf. [Q. Observe 



that it is an odd vector in JF® l+ z . Thus W(Bi / Bi, 1) is isomorphic to L(V + ; 0, 1+ 
1/2). Combining with Proposition 14. 2j we have proved the following theorem. 



Theorem 14.3 The vertex algebra Vi + i/2 associated to T> + with c = I + 1/2 is 
isomorphic to the W '-algebra W(-Bj / Bi, 1). 

Corollary 14.4 All positive primitive modules over T> + with a central charge I + 
1/2 G 1/2 + Z + are irreducible modules over the vertex algebra Vi + y 2 . 

Remark 14.5 It remains to determine whether these positive primitive modules 
are all irreducible modules over the vertex algebra Vj + i/ 2 . 

It follows that the character formula of the W-algebra W(B^ / Bi, 1) is the 
same as the g-character formula of L fdoo! (21 + l) d Ao) (cf. Appendix): 

nU(m=i(i-g ra )) . i [ tj (i + + n a - q n+l - i/2 ) 

where = 2i — 1 (i = 1, •••,/) are the exponents of the Lie algebra B\. A 
different method was used in ||BS|| to obtain the same formula. In particular we have 
seen that W(b\ 1 ^ / 1 B h 1) lies inside a vertex superalgebra, denoted by W£>(0,Z), of 
central charge / — 1/2 which is isomorphic to the space of invariants of T® with 
respect to 5*0(2/+ 1). The g-character of the latter can be calculated by using the 
g-character formulas of (ioo-modules given in the Appendix as 

ch,L (c^; (21 + l) d A ) + q l+l ' 2 C \L (d^ (21 + 1)^) 

= IlU(IIn=i(l ~ g")) TT(i + g n+<-i/2). (14 . 114) 

mr n>i 

Here q l+l l 2 accounts for the grading of the highest weight vector of the cioo-module 
L(rf 00 ;(2/ + l) d A 1 ) in^'+i 

Formula ( |14.114| ) indicates that vertex superalgebra WB(0, 1) is freely gener- 
ated by the bosonic fields W l (z) (i = 1, 3, . . . , 21 — 1) of conformal weights i + 1 
and the fermionic field Il!=i : ili +,k (z)ip~ ,k (z)(p(z) : of conformal weight / + 1/2 
corresponding to the vector nl=i(V ; ^i/2' ? / ; Ii/2)v 9 -i/2)|0). The phenomenon that 

W(Bi / Bi, 1) lies in such a vertex superalgebra was conjectured in ||BIS|| . Here we 
find the explicit model for WB(0, 1) with central charge 1 — 1/2. WB(0, 1) were 
also obtained by the quantized Drinfeld-Sokolov reduction in ||Ito|l . We summarize 
these in the following theorem which resembles remarkably Theorem |14.2. 
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Theorem 14.4 The vertex superalgebra W£>(0, /) is the sum of the vertex algebra 
Vi+1/2 an d the irreducible module L (v + ; e(det), I + 1/2^ o/VJ+i/2. 

The following theorem easily follows from Proposition 14.2 and similar argu- 
ment which leads to Theorems |14.3[ 

Theorem 14.5 The vertex algebra V-i associated to V + with central charge —I is 
isomorphic to the W-algebra W(Cj /C;, —1). The vertex algebra V_i + i/ 2 associated 
to T> + with central charge —1 + 1/2 is isomorphic to W(B^ (0,1) / B(0,l), —1). 



Remark 14.6 Theorems |14. 2 and 14.4 tell us what is the minimal set of generating 
fields for V c with c G |n (or rather for the vertex (super) algebra which are the Z 2 
extension of V c ). The question remains open for V c for a general negative half- 
ingeral central charge. A similar question was addressed in the case of Wi +00 in 



(also see ||EFH |). The negative central charge case turned out to be more 



subtle and difficult. 

15 Appendix 

The following proposition gives the g-character formula (compatible with the Z- 
gradation of induced from that of qI) of a highest weight representation of d^ 
with highest weight A = d A ni + d A n2 + . . . + d A rik + d h d A , where n x > . . .n k > 1, 
d h G Z + . Denote d h 1 to be the number of n^s which are equal to 1. Then the 
central charge c = |( d /io — d h±) + k. We retain the notation in Section [I]. 

Proposition 15.1 The q- character formula o/L(c? 00 ; A) corresponding to the prin- 
cipal gradation of is 



chgL^doo] A) 



II (1 - q^+i-t) V {q 2 ) 2c n ^ c -2,(g) 

l<i<j<k j>0 

II <fn i+k -i(q) (p(q)W- Tc 

Ki<k 




q2c+j+i- d \ i+1 - d \ J+1 
1 _ qic+j+i 



-(A+P, ej ) N 



;i5.ii5) 



Proof. Note that the g-characters of (ioo-modules are specialized characters of 
type (2, 1, 1, . . .), in contrast to the g-characters of modules of b^, c^ which are of 
type (1, 1, . . .). So the way of computing such a g-character of a <ioo-module will 
be different. We will proceed as follows. By the Weyl-Kac character formula 

e(-A)chL(A) S *L = g^M^;(A + ri- (A + ^ 
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Here TV (resp. T>) denotes the numerator (resp. denominator). Given s = 
(2, 1,1,.. .), define a homomorphism Fg : C[[e(— ai)]] — > C[[q\] by Fg(e(— a») = q Si . 
Put t = {t , ti, £2, • • •) where ti — (A + p, a^). Then 



wew 

= q ^ 2 o + ^F r ( £ eMe(MA + p))) 
= ? <A+P,A V +P v > j p f (chL(Ao) • <w)e(w(p) - p) ■ e( 
= F^e(-p-A ))F f (chL(A ))F f ( n (l-e(-a))FKe(p)) 

= F f (e(-A )chL(A )) • F r ( TT (l- c (- a ))) . (15.116) 



By Theorem |12.3| (putting I = there), the even part of JF® 2 is isomorphic to the 



irreducible doo-module with highest weight A and central charge |, so 



F,.(e(-Ao)chL(A )) = I [[](! + g ^) + TJ(1 - g J ^)) , (15.117) 

\3&i i6N / 



e(-A )chL(A ) = \ I JJC 1 + e ( e j)) + IIC 1 ~ e ( e i)) I ■ ( 15 - 118 ) 



By combining equations ( 15.116|) and ( |15.118| ) we obtain 



1 _ ^(A+p.a) 

chMd^k) = TT K 

9 ii + 1 - q^ + ^ 



-(A+P,ej) 



ifn (i+g- (A+ ^) + n(i-^ 

TT - — TT 

M TT f 1 + <r (A+/w) ) + TT f 1 - <r (A+p ' £j) ) ] (15.119) 



2 



U'€N 



A little manipulation of algebra shows that the first product on the right hand 
side of ( |15.119| ) is the same as the first term in ( |15.115| ). We rewrite the second 
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term in 



into the product of three terms as follows: 

2c+j+i j _ q2c- d \ 



II \ 



n 



i+i- d X j+1 +j+i 



0<i<j 



y 0<i<ni<j 



n 

0<i<j'<ni 



1-9 



5 

2c- d A i+1 - d A J+1 +j+i 



Q 



2c+j+i 



A little further manipulation of algebra will show the first, second and third terms 
in the above formula are equal to the second, third and fourth terms of Q15.115 ). 

□ 
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